N

N

Introduction to optimization methods for training SciML
models

Alena Kopanicakova, Elisa Riccietti

» To cite this version:

Alena Kopanicakova, Elisa Riccietti. Introduction to optimization methods for training SciML models. 2026.
¢hal-05459235v2)

HAL Id: hal-05459235
https://hal.science/hal-05459235v2

Preprint submitted on 2 Jun 2026

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Qoo

Distributed under a Creative Commons CC BY-NC-ND 4.0 - Attribution - Non-commercial use - No
Derivative Works - International License


https://hal.science/hal-05459235v2
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr

Introduction to optimization methods for
training SciML models

Alena Kopani¢dkova*and Elisa Ricciettif

June 2, 2026
Contents
1__Introductionl 3
2 Empirical risk minimization and the finite sum minimization
|__problem| 6
2.1 Examples of ERM across learning paradigms| . . . .. ... ... 7
2.1.1 Example 1: Supervised learning - classification| . . . . . . 7
[2.1.2  Example 2: Supervised learning - regression| . . . . . . . . 9
[2.1.3  Example 3: Physics-informed neural networks (PINNs)| 10
13 Solving the optimization problem| 12
3.1 A unitying perspective via preconditioning . . . . . . . . . . . .. 13
[3.1.1 Parameter-space preconditioning| . . . . . ... ... ... 14
3.1.2 ata-space preconditioning| . . . . . . . . . ... ... .. 14
13.1.3  Function-space preconditioning| . . . . . . .. ... .. .. 15
3.2 Neural tangent kernel| . . .. . .. ... ... 00000 15
3.2.1  Function-space view: GD as kernel flow| . . . . . ... .. 16
[3.2.2  Parameter-space viewpoint| . . . . ... ... . ... ... 18
[3-3 Explicit mode-wise error decay and spectral biag . . . . ... .. 19
3.4 Kernels of adaptive and second-order methods|. . . . . . . .. .. 21
3.5 Impact of the physical constraints on the loss landscape and the |
NTK of PINNS . . . . . . . o 22
3.6 Practical computations with the NTK| . . .. ... ... ... .. 24

*Toulouse-INP, IRIT-APO, ANITI, 2 Rue Charles Camichel, 31000 Toulouse, France;

email: alena.kopanicakova@toulouse-inp.fr

TENS de Lyon, CNRS, Inria, Université Claude Bernard Lyon 1, LIP, UMR 5668, 69342,

Lyon cedex 07, France; email: elisa.ricciettiQens-lyon.fr



|4 Stochastic gradient descent (SGD)| 27

4.1 __Theoretical resultsl . . . . . .. .. .. ... ... 0., 29
4.1.1  Convergence for strongly convex and smooth tunctions|. . 31

4.1.2  Convergence for convex and smooth functions|. . . . . . . 32

4.1.3  Convergence for nonconvex and smooth functions|. . . . . 33

4.2 Comparison of computational cost: GD vs. SGD| . . . ... ... 34
[6"Accelerated and adaptive stochastic gradient methods| 38
BT Momentuml . . . . . .. 38
b.2  Adaptive gradient algorithms: AdaGrad, Adam| . . . . . .. ... 40

6 Beyond first-order optimization| 43
[6.1 Hessian-free inexact Newton Krylov methods| . . . . . . ... .. 44
[6.2 7 Subsampled Hessian-free inexact Newton methods| . . . . . . .. 45
6.3  Quasi-Newton methods| . . .. ... ... ... ... ....... 46
6.4 Switching from first- to second-order optimization| . . . . . . .. 48

|7 Soft constraints and loss balancing| 51
[7.1 Loss functions with multiple terms| . . . . . . . . ... ... ... 51
[7.1.1 Regularization| . . . ... ... ... ... .. ... 51

(1.2  Soft constraintsl . . . . . . .. ... oo 52

7.2 Balancing the loss terms| . . . . . . . ... ... 0oL, 52
[7.2.1  Example: Impact of penalty terms on NTK's conditioning] 52

[7.2.2  Bilevel approaches| . . . . .. ... ... 0L 53

|[7.2.3  Adaptive weighting strategies| . . . . . . . . . .. .. ... 54

I8 Input embeddings and multiscale architectures| 61
8.1 Fourier feature embeddings| . . . . . .. ... .00 61
811 NITKofaFFnetworkl . ... ... ... ... ... .... 62

8.2 Multiscale architectured . . . . . . . .. ... oo, 64
821 NTK of multiscale networks| . . . . . . .. ... ... ... 65

19 Sampling and mini-batching strategies for PINNs| 68
9.1 Choice of collocation points| . . . . . ... ... ... ... .... 68

[9.1.1 Adaptive choice of collocation points[ . . . . . . ... ... 69
[0.T.2 Example: Adaptive Sampling for 1D Poisson problem| . . 70

9.1.3  Examples of practical refinement strategies| . . . . . . .. 71
9.2 Mini-batch sampling| . . . ... ... ... 0oL 73
9.2.1  Practical mini-batching strategies|. . . . . . . . ... ... 75

110 Towards scalable training for SciML: Recent advances and open |

81
|110.1 Data-space preconditioning| . . . . . . . ... ... ... ..... 81

[10.2 Parameter-space preconditioning| . . . . . . ... ... ... ... 82
[T0.3 Function-space preconditioning] . . . . . . . . . . . oo v . . .. 83

(11 Conclusion and outlook] 84




1 Introduction

Optimization is a key ingredient of modern machine learning (ML). Historically,
optimization problems have been classified as convex or mon-convex, according
to the properties of the objective function and of the feasible set. Convex prob-
lems are generally more tractable, since global optimality guarantees can be
established and any stationary point is also a global minimum. Non-convex
problems may possess multiple local minima and saddle points, making opti-
mization significantly more challenging.

Optimization methods have been categorized by the degree to which they
exploit derivative information. First-order methods rely exclusively on gradient
evaluations, whereas (approximate) second-order methods incorporate curva-
ture information via Hessian matrices or suitable approximations. However, the
massive scale of modern ML problems, combined with the principles of empirical
risk minimization, has driven the field toward stochastic optimization. Stochas-
tic optimization methods, such as Stochastic Gradient Descent (SGD) [99] and
its variants (e.g., AdaGrad [28|, and Adam [54]), employ inexpensive noisy gra-
dient evaluations that scale efficiently with the data size. Consequently, much of
modern ML focuses on integrating first-order schemes, adaptive gradient meth-
ods, and curvature-aware techniques into stochastic optimization frameworks.

This familiar optimization landscape changes substantially in the context of
scientific machine learning (SciML). Unlike classical ML, where abundant data
allows stochastic approximation to perform well, SciML often operates in data-
scarce regimes in which physical models must supplement, or even dominate,
the available data. As a result, the optimization problems arising in SciML
frequently take the form of physics-informed formulations, in which the objective
function incorporates a partial differential equation (PDE) and boundary or
initial conditions (BC or IC). The PDE and BC/ICs are usually imposed in a soft
way through a penalization term. An alternative is to use operator-constrained
formulations, in which the physical constraints are embedded directly into the
model, typically through the neural network architecture, and are therefore
enforced in a hard way.

This changes the structure of the objective function compared to classical
ML, where the loss decomposes into independent sample contributions, enabling
efficient stochastic optimization. In SciML, the differential operator induces
global spatio-temporal coupling, creating dependencies across the entire domain
so that errors at different collocation points are not independent. This makes
stochastic optimization significantly more challenging and highly sensitive to
the choice of the samples.

Moreover, the resulting optimization landscape is typically shaped by the
spectra of the underlying differential operators rather than by the statistics of a
dataset. As a consequence, it is often highly anisotropic, meaning that the cur-
vature varies significantly across different directions, and stiff, in the sense that
the problem involves widely different scales and Hessian eigenvalues spanning
several orders of magnitude. Such loss functions may therefore exhibit directions
of very large curvature, for instance those induced by high-order derivatives,



alongside nearly flat directions associated with weakly identifiable components
of the SciML model.

This structure limits the effectiveness of first-order methods, since it in-
creases sensitivity to the choice of step size, which must remain small to ensure
stability along directions of large curvature, thereby slowing progress in flatter
directions. It also limits the effectiveness of stochastic methods and often neces-
sitates the use of deterministic or large-batch optimization algorithms, as well as
curvature-exploiting approaches such as deterministic quasi-Newton methods.

At the same time, SciML also includes a rapidly growing class of data-
driven formulations that more closely resemble classical supervised learning.
Prominent examples include operator-learning models [68], neural surrogate
models trained on high-fidelity PDE simulation data [80], autoencoder-based
reduced-order models that learn low-dimensional latent dynamics [61], and neu-
ral differential equation frameworks that fit observational or simulated trajec-
tories [I5]. Because their training objectives decompose over samples and ad-
mit mini-batching, these models inherit much of the optimization behavior of
standard ML and benefit directly from well-established stochastic optimization
techniques. As a result, effective optimization methods in SciML span two com-
plementary regimes: physics-informed settings and data-driven settings that
align more closely with large-scale stochastic ML training.

In this chapter, we first introduce the optimization problems that arise in
both traditional ML and SciML, highlighting their structural differences and
analytical properties. We then present a foundational overview of deterministic
and stochastic optimization methods, explaining how these algorithms can be
adapted to address the specific challenges posed by SciML models. Given the
breadth of the optimization field, the material covered here does not aim to be
exhaustive. Instead, we present a concise introduction to common optimization
techniques, demonstrate how they can be adapted to SciML training through
practical examplesﬂ and point toward promising research directions.

Chapter’s structure The rest of the chapter is organized as follows: The
first three sections form the foundations. In particular, Section [2] introduces the
principles of empirical risk minimization and the finite-sum minimization prob-
lem, with examples spanning classical ML and SciML. Section [3] discusses the
difficulties associated with solving arising minimization problems and introduces
the neural tangent kernel (NTK), an essential tool for analyzing the training dy-
namics. Section [4] presents stochastic gradient descent (SGD), the most widely
used method for ML optimization, together with a brief convergence analysis
and numerical examples.

The following sections dive deeper into more advanced optimization meth-
ods. More precisely, Section [5| covers accelerated and adaptive stochastic gra-
dient methods (momentum, AdaGrad, Adam). Section [6] introduces (approxi-
mate) second-order methods, including Hessian-free Newton-Krylov and quasi-

IThe accompanying notebooks are available at
https://github.com/kopanicakova/intro_opt SciML.git.
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Newton schemes, such as L-BFGS.

While Sections focus on standard optimization methods for ML, Sec-
tions [7HIl present more advanced concepts, which are specific to the SciML
context. In particular, Section [7] discusses the impact of regularization and
soft-constraints on the performance of the optimization algorithms. Section
presents the strategies to mitigate spectral bias through input embeddings and
multiscale architectures. Section [J then focuses on sampling strategies that are
critical for the training of PINNs. Finally, Section [10] gives an overview of cur-
rent research directions and open challenges in optimization for SciML/PINNs.
Notably, the techniques presented in Sections [7H9] can be applied in conjunction
with any optimization method presented in Sections [4H] and can be therefore
followed right after the reader becomes familiar with (S)GD algorithm. A visual
roadmap of the chapter is given in Figure
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Figure 1.1: Roadmap of the chapter. Sections form foundations suitable
for a first reading. Sections extend the foundations with general-purpose
accelerated, adaptive, and second-order methods. Sections [THI] discuss aspects
specific to the training of SciML/PINN models, namely balancing terms re-
lated to soft constraints, input embeddings, multiscale architectures, and choice
of sampling and mini-batching strategies. Section surveys recent research
directions and open challenges.

Notations Throughout the chapter, || - || denotes the Euclidean norm, unless
otherwise specified.



2 Empirical risk minimization and the finite sum
minimization problem

In ML, a model is characterized by a parameter vector § € R™ and a parameter-
ized mapping hy : X — ), where X denotes the input (feature) space and ) is
the output space. The mapping hy transforms an input sample = € X into an
output prediction hy(x) € Y, and its form is typically defined by a deep neural
network (DNN) whose parameters are collected in the vector 6.

We aim to find a model hy that provides the best possible approximation
of the desired mapping. The process of searching for such a model is called
training and requires solving an optimization problem defined by an expected
loss over the data distribution. Let (z,y) denote a generic data pair drawn
from an unknown probability distribution P on & x Y. Let £: Y x YV — Ry
denote a loss function measuring the model’s performance. For example, ¢
may represent a prediction error (supervised learning), a reconstruction error
(autoencoders), a divergence between distributions (generative models), or the
violation of physical laws (SciML).

The general training objective is to find the parameters 6 that minimize the
expected risk of the model, given by

R(6) = /X | 00(2), ) AP (w,1) = By lhofe) )] 1)

However, since the distribution P is usually unknown in practice, learning relies
on a finite dataset D = {(z;,y;)}!™,, consisting of m samples drawn indepen-
dently and identically from P, i.e., (z;, ;) p.
Using the dataset D, the expected risk (|1|) can be approximated, for example,
using a Monte-Carlo estimate, yielding the empirical risk
1 m
Rpn(0) = — Zﬁ(hg(xi), i)
i=1
Under standard assumptions (i.i.d. sampling, bounded variance), Rm(Q) con-
verges to R(6) as m — oo; see, e.g., [I14, [103].
The Empirical Risk Minimization (ERM) principle consists of minimizing
R,,, which gives rise to the canonical finite-sum minimization problem

min f(0) := o Zfi(e)v where  fi(0) = £(ho(x:), ). (2)

OcR™

Here, each function f;(6) represents the contribution of one sample (z;,y;) to
the total objective f(#). In theoretical analyses, convergence of the iterates
generated by solving is typically established by showing that the gradient
norm ||V f(0)|| approaches zero, indicating that a stationary point has been
reached. In the ML context, however, practitioners more commonly monitor the
training loss f(6y), the validation error on a held-out dataset, or task-specific



metrics such as accuracy. These practical metrics better reflect generalization
performance, which is the ultimate goal of ML training and may not correlate
directly with the gradient norm.

2.1 Examples of ERM across learning paradigms

In this section, we illustrate how the abstract ERM formulation translates into
practical learning settings by presenting three representative examples.
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Figure 2.1: Left: Example of binary classification in the (x1, z2)-plane: Samples
from two classes y; € {0,1} are shown as orange diamonds and blue circles,
respectively. The dotted line indicates the decision boundary separating the two
regions. Right: Example of a computational domain 2 with sampled collocation
points: Dirichlet boundaries I'p (diamond), Neumann boundaries I'y (square),
interior points Dg, (circle), and optional empirical data samples Dy, (star).

2.1.1 Example 1: Supervised learning - classification

In supervised learning, we are given a labeled dataset D = {(x;,y;)},, where
each input vector z; € R? is associated with an output label y;, which indicates
affiliation to a given class. The goal is to learn the parameters 8 € R™ of the
model hg : R4 — R to predict the label y; for a given input x; and for unseen
examples. For simplicity, we restrict our attention to the binary classification
setting where y; € {0, 1}.

Logistic regression (linear model) In logistic regression, the model is

he(w:) = p(x 0),

where p(t) = ﬁ is the sigmoid activation. The discrepancy between predic-
tion and label is measured by the logistic loss, given as

Lho(x;),y:) = —yiloghg(x;) — (1 — ;) log(l — hg(a:i)). (3)



The ERM objective then becomes

2} 1 ¢ T T

Bn(0) = — >~ [ = wilogp(a]0) = (1 = y)log(1 = pla]0)) | (4)

i=1

This function is smooth and convez (strictly, cf. Definition [2] if the features
are linearly independent and strongly, cf. Definition [3} if an L? regularization
term is added). Therefore, its minimization admits a unique minimum (and
a unique minimizer in the strictly and strongly convex cases). The practical
difficulty of minimizing Em depends predominantly on the geometry of the data.
If the data are well-conditioned and the classes are separable, convergence is
fast. If, on the other hand, the samples are nearly collinear or the classes
overlap, the optimization problem becomes more challenging. An example of
implementing in Python can be found in Code snippet

def logloss(w, X, y, gamma=le-4):
# L2-regularized logistic loss averaged over samples
# Logit z is the product of parameters (w) with input features (X)

z=X0Qw
p = sigmoid(z)
eps = le-12

# Binary cross-entropy loss

# Constant eps ts added for numerical safety

loss = -np.mean(y * np.log(p+eps) + (1-y)*np.log(l-p+eps))
loss += 0.5 * gamma * np.sum(wx*2) # Add L2 penalty term
return float(loss)

Code snippet 1: Example implementation of the logistic loss with L2
regularization.

Deep neural network (nonlinear model) If the data are not linearly sep-
arable, linear models may be insufficient to capture the underlying structure.
In such cases, DNNs provide flexible nonlinear alternatives capable of learning
complex nonlinear relationships and feature interactions present in the data.

Let hg denote a feed-forward DNN composed of weight matrices
Ui, U, ..., Ug and bias vectors by, ba, ..., bg, which can be collected into a
parameter vector 8 as 6 = vec(Ui,...,Ug,b1,...,bg) € R". A standard Q-layer
network is defined recursively as

20 = Z, Zj:p(U]Z]—l+bj)7 jzla"'aQ_17
with the output
he(z) = p(Uqzg-1 + bq). (5)

Here, p denotes an activation function of the user’s choice, e.g., ReLU, or tanh.
A prototypical implementation of a DNN with two layers and ReL U activation
function in Pytorch can be found in Code snippet [2]



Given a dataset D and a loss function ¢, the empirical risk is now given as
~ 1 &
R, (0) = — L(ho(xs), yi) -
(6) = > Uho(a), 1)

i=1

The choice of the loss function ¢ depends on the task at hand. For example,
in a binary classification problem, one can use the logistic loss (3)). Here, we
emphasize that the use of DNNs makes ]/%m highly nonconvex. The complexity
of the resulting optimization problem strongly depends on the data geometry
and on the chosen DNN architecture.

class DNN(nn.Module):
# Small fully-connected ReLU network
def __init__(self):
super () .__init__(Q)
# Linear layer with 2 input neurons and 20 neurons in hidden layer

self.fcl = nn.Linear(2, 20)
self.act = nn.ReLU() # Activation function
self.fc2 = nn.Linear(20, 1) # Output layer with a single output

def forward(self, x):
# Forward pass through the network
return self.fc2(self.act(self.fcl1(x)))

Code snippet 2: Example of creating a small DNN in PyTorch.

2.1.2 Example 2: Supervised learning - regression

Regression is a supervised learning paradigm widely used in data-driven SciML.
Given a dataset D = {(z;, y;)}1", the goal is to learn a mapping from inputs z;
to real-valued outputs y; € R that generalizes well to unseen data. For example,
the input may consist of observational measurements, while the output might
represent the solution of a PDE or a quantity derived from it.

In regression, the discrepancy between the model prediction and the true
label is commonly measured using the squared L? loss. Defining the stacked data
labels y := [yl, e ,ym] T and model outputs u () := [hg(xl), e hg(xm)]T, the
ERM problem takes the following form:

Rn(0) = 5 [[u(6) — ol (©

This ERM formulation is commonly referred to as a least-squares problem.

If the labels depend linearly on the inputs, this relationship can be modelled
using the linear model hg(x;) = z, . In this particular case, the ERM problem
admits the compact representation Ry, (6) = 7= || X6 — y||?, where X € R™*4
denotes the data matrix. Minimizing this objective corresponds to solving a
linear least-squares problem. Thus, if X has full column rank, the solution is
given in closed form as § = (X " X)~1X Ty.



If, on the other hand, the model hy is nonlinear, e.g., a DNN given in ,
the ERM problem @ becomes a nonlinear least-squares problem. Here, the
term “nonlinear” refers to the nonlinear dependence of hg(z) on 6, even though
the loss remains quadratic in the residual (misfit). The resulting optimization
problem is generally nonconvex and may admit multiple local minima and saddle
points, making its minimization considerably challenging.

2.1.3 Example 3: Physics-informed neural networks (PINNs)

In physics-informed learning, our goal is to approximate a solution of a differ-
ential equation using an ML model [96]. Let Q C R¢ be a bounded domain with
boundary 02 = I'pUT'y, where I'p and I' iy represent parts where Dirichlet and
Neumann boundary conditions (BC) are imposed, respectively. We consider the
following PDE:
Nu)(z) = q(z), =z€Q,
u(z) =gp(z), z¢€lp, (7)
Opu(z) =gn(z), = €Tlp,

where N is a differential operator, ¢ is a source term, and 9,,u denotes the normal
derivative on I'y. The goal is to approximate the unknown solution u : Q — R
with a DNN hg :  — R. The same formulation extends to time-dependent
(non-stationary) PDEs by treating time as an additional input coordinate of
he. The computational domain 2 is then replaced by the space-time domain
Q x [0,T], where T'p and 'y denote the parts of the spatial boundary where
Dirichlet and Neumann conditions are enforced. Moreover, an initial condition
(IC) u(x,0) = ug(x) is prescribed on Q x {0}.

In the continuous setting, model quality is quantified by an expected risk
functional that penalizes the PDE residual

ro(x) = N[he](z) — q(), (8)

boundary condition violations, and mismatch with available data, i.e.,
R(6) = 70 / [N [hol(@) - q(@)[* dPa() + 10 / [ho(2) = g (@)|” dPr, (a)
Q I'p
oty [ J0uhalz) = g (o) dPry (@) 9)
I'n

- /Q Iho(2) — y(@)[* APagea(a),
data

where Y25 VD> Vv s Vdara € R*.

In practice, the integrals in @ must be approximated. A common approach
is to use Monte-Carlo (MC) quadrature. Thus, we use the following datasets of
randomly sampled collocation points

Q)ym m
DQ = {m§ ) jznla DFD _ {:quD)}r:D17
DFN = {g;;CN) Zl:Np Daate = {(xgdata)’ yl) Zidfm’

10



to obtain the following empirical risk formulation:

mp
=12 Z W Irol(es™) = a0 + 2 5 [hoe”) = g ()
r=1
Mdata
lz‘anhe(xl(cN) gN(xl(cN) ;;iat: Z ’h data i’2-
_ ata i=1

(10)

Code snippet [3| illustrates the computation of the PDE residual loss for the 1D
Poisson equation using automatic differentiation in PyTorch.

def pinn_second_derivative(model, x):
# Compute second derivative by repeated automatic differentiation

# Enable computation of gradient wrt. network inputs

xg = x.clone().detach() .requires_grad_(True)

u = model(xg) # Forward pass through the network

# Compute the first derivative

du = torch.autograd.grad(u, xg, torch.ones_like(u), create_graph=True) [0]
# Compute the second derivative

d2u = torch.autograd.grad(du, xg, torch.ones_like(du),
create_graph=True) [0]

return d2u

def loss_fn(uxx, f_rhs):
# Mean-squared of PDE-residual loss for -u''(z) = f(z)
return ((uxx + f_rhs) *x 2).mean()

Code snippet 3: Pytorch implementation of the PDE residual loss for the 1D
Poisson equation —u”(x) = f(z), using automatic differentiation to compute
the second order derivative of the network output.

Here, we point out that more efficient quadrature techniques than MC
can be used in order to reduce the approximation error. For instance, quasi-
Monte Carlo (QMC) methods based on low-discrepancy sequences (e.g., Sobol’)
can achieve approximation errors of order O(m~!(logm)?), compared to the
O(m~'/?) rate of standard MC under suitable regularity assumptions [26]. Here,
we emphasise that increasing the number of collocation points in PINNs is not
analogous to adding independent samples in classical ML, as the same deter-
ministic PDE residual is evaluated at additional locations. Due to the global
coupling induced by the differential operator, nearby points are often strongly
correlated, so oversampling does not yield proportional accuracy gains [81], [69].

As before, in order to find the optimal parameters of model hy, we mini-
mize R,,. Although hy is usually a standard DNN, the choice of the architec-
ture requires particular care because R, involves spatial derivatives of hg. In
particular, the activation function p must be sufficiently smooth to allow stable
differentiation through the PDE operator. Weak formulations of PINNs can
relax these smoothness requirements [22]. However, for the strong formulation

11



considered here, which is the most commonly used, smooth activations such
as tanh, sigmoid, needs to be used. Alternatively, one might use SIREN (Si-
nusoidal Representation Networks) architecture [107] with sinusoidal activation
functions.

Key Takeaways

Training an ML model is typically formulated as minimizing an empirical
risk function that aggregates individual sample losses into a finite-sum
objective . The structure of this objective depends critically on the
model and task. For example, logistic regression yields a convex problem
with a unique minimum, whereas DNNs yield highly nonconvex objec-
tives with multiple local minima and saddle points. In PINNs, physical
laws are incorporated into the loss as penalty terms, enforcing the PDE
and boundary conditions in a soft manner. This introduces global spatio-
temporal coupling across the domain, making the resulting optimization
problem structurally different from classical ML objectives that naturally
decompose over independent samples.

\

3 Solving the optimization problem

Given a nonlinear, differentiable objective (loss) function f : R™ — R, the goal
of numerical optimization [86] is to solve
min f(9).

In the ML context, this problem is often referred to as training. Such mini-
mization problems are often solved approximately, until a stationary point, i.e.,
a point at which the gradient is zero, is reached. In most cases, this stationary
point will be a local minimizer, a point such that the function does not decrease
in its neighborhood. However, it is usually not possible to exclude it as a saddle
point.

To reach a stationary point, one typically employs iterative algorithms, also
referred to as optimizers. Starting from an initial guess 6y, such methods gen-
erate a sequence {0y }ren, where k denotes the iteration index, that converges
to a stationary point 6* through updates of the form

Or+1 = O + o pr,

where pr € R™ denotes a search direction and «y > 0 is the step size, often
referred to as the learning rate.

Many factors influence the convergence speed of the training. On the prob-
lem side, these factors include the network architecture, the training data, and
the non-convexity of the loss function. On the algorithmic side, they include the
choice of the optimization algorithm, its hyperparameters, and the initialization

12



strategy. The latter determines the initial network parameters 6y, which play the
role of the initial guess for the optimization problem. This choice can strongly
affect the optimization trajectory, especially in non-convex settings. Several
initialization strategies have been proposed in the literature for the weights of
DNNs, e.g., Xavier or Glorot initialization [33], which is commonly used with
tanh activations, and He initialization [41], which is typically used with ReLU
activations.

3.1 A unifying perspective via preconditioning

Throughout this chapter, we show that many optimization methods can be un-
derstood as forms of preconditioning, directly linking algorithmic design choices
to the conditioning of the underlying optimization problem. Following [21],
we distinguish three types of preconditioning depending on the space in which
they act. Parameter-space preconditioners act directly on the gradient update,
e.g., by rescaling it (block) coordinate-wise (adaptive learning rates) or incorpo-
rating curvature information (second-order methods), see Sections [5] [f} Data-
space preconditioners transform the data, for example via input transforma-
tions, dataset resampling, or reweighting of the loss terms (Sections @ .
Function-space preconditioners reshape the geometry of the function represented
by the network, e.g., via multiscale architectures (Sections .

Here, we note that this classification is not a strict partition. Indeed, many
strategies admit interpretations in more than one space (e.g., some domain
decomposition methods act in both parameter and function space). It should
therefore be viewed as a helpful classification perspective rather than a strict
taxonomy. Figure|3.1|provides a schematic summary and serves as a roadmap for
the strategies discussed in this chapter. Section [10] returns to this perspective,
surveying recent advances and open challenges in large-scale settings along each
axis.

Parameter space } { Data space } Function space
Adaptive gradient methods Loss reweighting & q . I
(AdaGrad, Adam) soft-constraint balancing Hhiigterls erdiisaine
(Approximate) second-order Adaptive / residual-based .
methods (quasi-Newton, NK) @ sampling E Selielay e m
Domain decomposition & Input embeddings Domain-decomposition
multilevel methods {T0] (Fourier features) PINNs (XPINN, FBPINN)

Figure 3.1: Overview of the preconditioning classification. Optimization strate-
gies discussed in this chapter are classified as preconditioners acting in one of
the three spaces: parameter, data, or function space. Section references indicate
where each strategy is presented in detail.

13



3.1.1 Parameter-space preconditioning

Assuming f is sufficiently regular, most optimization methods build search
directions from the derivatives of f, namely the gradient V f(0) and the Hessian
H(9) = V2f(0) € R"™". The update rule usually has the following form:

Op+1 = Ok — g, M, 'V f(01),

where ay > 0 and M ! is a preconditioner that rescales the gradient.
Based on the information the preconditioner M, ! uses, optimization meth-
ods are classically divided into three large classes:
1. First-order methods: These methods use only gradient information. As
a consequence, their iteration cost is low, but they may require many
iterations to converge. The canonical example is the gradient descent
(GD) method, whose iterates are defined as follows:

Or+1 = Ok — .V f(Or), (11)
where M, = 1.

2. Second-order methods: These methods incorporate curvature information
from the Hessian or its approximations, providing much faster local con-
vergence at a higher per-iteration cost. The most notable example is
Newton’s method, whose iterates are formally defined as follows:

Ors1 = O — e H(0) "V f(0r), (12)

where My, = H(6). The main cost associated with this method lies in
evaluating the Hessian and solving the associated linear system H (0 )pr =
—Vf(0r) to compute the search direction py. The memory footprint is
also a concern as storing H (0) explicitly requires O(n?) memory, which
is prohibitive for large DNNs.

3. Adaptive (preconditioned) gradient methods: Adaptive gradient meth-
ods address the challenge of balancing computational efficiency with
curvature-awareness by performing updates of the form

Op+1 = Ok — i My 'V £(0y), (13)

where My, is a diagonal preconditioner. As we will see in Section 5], practi-
cal optimizers such as AdaGrad [28] and Adam [54] construct diagonal My,
from running estimates of the first and/or second moments of past gradi-
ents, thereby avoiding the need to compute and store the exact Hessian,
while still exploiting curvature information.

3.1.2 Data-space preconditioning

A preconditioner M~ can also be applied to the model’s input z, which alters
both the search direction and its magnitude. For a model hy and a loss function
£, the sample-wise objective becomes f;(0) = é(hg (M~1z), y), with gradient

Vofi(0) = Jn, (M tz) M~V L.

14



Such transformations reshape the geometry of the input distribution and can
significantly affect the conditioning and convergence behavior of the optimiza-
tion process. Loss reweighting (Section @, adaptive sampling (Section E[), and
input embeddings such as Fourier features (Section [8) act in this space.

3.1.3 Function-space preconditioning

Function-space preconditioning refers to transformations that modify the geom-
etry of the optimization problem directly in the space of functions represented
by the DNN. This viewpoint is natural for SciML, where the learning objective
is often defined through a differential operator A/. Let u denote the DNN out-
put. For each sample, the objective reads f(u) = ¢(N(u), q), and the functional
gradient is

Vuf =N*(N(u) —q),

where N/* denotes the formal adjoint of A/ with respect to the L? inner product,
defined by (Nu,v) = (u, N*v) for all sufficiently smooth u,v.
A function-space preconditioner applies an operator M~ to this gradient:

-1
Uk+1 = Uk — O ./\/l Vuf,

where ideally M ~ N*N. This mirrors classical PDE preconditioning and
motivates several architectural and algorithmic strategies in SciML, in particular
multiscale architectures (Section [8) as well as Sobolev training and domain-
decomposition PINNs (Section . Unlike in linear PDE solvers, however,
the operator N is composed with a nonlinear neural representation, making
the design and analysis of effective function-space preconditioners substantially
more challenging [21].

3.2 Neural tangent kernel

The Neural Tangent Kernel (NTK) is a theoretical tool introduced in [47] for
studying the training dynamics of DNNs, especially in the “infinite-width” limit
(i.e., for networks with layers of infinite width). It connects neural network
training with kernel methods, providing a framework for understanding how GD
shapes the function learned by a DNN. In particular, the eigenvalue spectrum
of the NTK governs the dynamics and conditioning of optimization methods
and provides insights into the training behavior of DNNs. For PINNs, NTK
can be used to show that the optimization problem inherits stiffness (stiffness
refers to the presence of widely separated scales - typically in time or space -
that make numerical simulation difficult, since some components of the solution
evolve very rapidly, while others evolve slowly) from the underlying differential
operator A, as well as structural biases induced by the network architecture.
These effects make training notoriously challenging and often render first-order
methods such as GD inefficient.
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3.2.1 Function-space view: GD as kernel flow

In this section, we introduce the NTK from a function-space viewpoint. Let
hg : @ — R be a DNN with parameters # € R™. During GD training, the
network updates its parameters, and the NTK describes how these parameter
updates translate into changes in the network’s output.

Continuous-time kernel dynamics The continuous-time version of GD,
known as gradient flow, updates the parameters according to

0(t) = —Vaf(0()),

where 6(t) denotes the derivatives of A(t) with respect to t. We are interested
in the induced evolution of the function hy. Using the chain rule, and assuming
that f depends on 6 only through hgy, we get

hg(x) = Vghe(:E)T Q(t) = —Vohg(x)—r ng(&(t)) (14)
If we consider the gradient of the loss, we have

Vof = /Qvghg(:c/) (S}f(j;)dx’, (15)

where §f/0h(z") is the functional derivative of f with respect to h(z’). Com-

bining with gives

hoe) = = [ Kotwa') il o

where
Ko(z,2") = (Vohg(x), Vohe(z'))

is the NTK. Thus, when GD updates the parameters 6, the corresponding evo-
lution of the function hy is governed by the kernel Ky. In other words, gradient
flow in parameter space induces a kernel gradient flow in function space with
respect to the NTK metric.

Discrete-time NTK dynamics The same argument can be developed in a
discretized setting, leading to the empirical NTK. This can be simply shown by
considering the empirical squared loss, given in (@ In this case, the GD step
with fixed step size o > 0 reads as

a
Ors1 =01 — aV [ (0k) = 0 — EJ’I (u(Br) — y), (16)
where
Vohe, (1) "
V9h9k (zm)T
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is the Jacobian of hy, evaluated at all data points.
Following the linearization argument of [47, [62], we expand hy around 6y:

hows, (2) = ho, () + Vohe, () T (01 — 00).- (17)

Since in our notation the predicted outputs evaluated on the training set satisfy
u(0x) = ho, (x1.m), the linearization directly applies to u(fx) as well. Substi-
tuting the GD update , into this linearization then yields an approximate
evolution equation for the predicted outputs:

1
u(9k+1) ~ U,(ek) — a By (u(@k) - y), Oy = EJkaT, (18)

where O € R™*™ is the empirical NTK at iteration k.

This indicates that training evolves like kernel GD in the reproducing kernel
Hilbert space (RKHS) induced by the NTK. In sufficiently wide DNNs, or in
the near-stationary regime (e.g., for small «), the NTK remains nearly constant
during training. In this case, the dynamics reduce to kernel GD with a fixed
kernel, in turn providing a tractable mathematical description of deep learn-
ing training. We report below two examples of NTK evaluation in PyTorch,
for a simple regression problem (Code snippet and for a PINN trained to
approximate the solution of the heat equation (Code snippet . For PINNS,
nested automatic differentiation is required, as the PINN loss itself involves
spatial derivatives of the network output computed via autograd, and the NTK
computation requires an additional differentiation with respect to the network
parameters.

def ntk_naive(net, X):

# Compute Theta = (1/m) J J°T using naive loop

params = [p for p in net.parameters() if p.requires_grad]

rows = []

# Loop over all data samples

for i in range(X.shapel[0]):
out = net(X[i:i+1]).squeeze() # Forward pass through the network
# Get the gradient of each output wrt. parameters
grads = torch.autograd.grad(out, params, retain_graph=False)
rows.append (torch.cat([g.reshape(-1) for g in grads]))

J = torch.stack(rows, dim=0) # Stack together all gradients

return (1.0 / X.shapel[0]) * (J @ J.T), J

Code snippet 4: Example of computing the NTK for a simple regression
problem. More elaborate implementations are discussed in Section

def f_source(xt):
# Evaluate source term
x, t =xt[..., 0], xt[..., 1]
return torch.exp(-t) * (PI**2 - 1.0) * torch.sin(PI * x)

def residual_at(net, xt):
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# Evaluation of the PDE restidual, which uses NESTED autograd, i.e.,

# the inner grad call must keep the graph alive (create_graph=True) so
# that wu_t and u_zz remain differentiable 1in theta for computation of
NTK

xt = xt.detach().clone() .requires_grad_(True)

u = net(xt).squeeze(-1) # Evaluate the network output

# Compute gradients with respect to input

grads = torch.autograd.grad(u.sum(), xt, create_graph=True) [0]

u_x, u_t = grads[:, 0], grads[:, 1]

u_xx = torch.autograd.grad(u_x.sum(), xt, create_graph=True) [0][:, O]
return u_t - u_xx - f_source(xt) # Residual evaluation

def ntk_naive_pinn(net, xt):
# Same as ntk_naive function, but per-sample function is the PDE residual
params = [p for p in net.parameters() if p.requires_grad]
rows = []
# Loop over all data samples
for i in range(xt.shape[0]):
# Evaluate residual for each data point
r_i = residual_at(net, xt[i:i+1]).squeeze()
# Compute gradients of residual wrt. parameters
grads = torch.autograd.grad(r_i, params, retain_graph=False,
allow_unused=True)
flat = [(g if g is not None else torch.zeros_like(p)).reshape(-1)
for g, p in zip(grads, params)]
rows.append (torch.cat(flat))
J = torch.stack(rows, dim=0) # Stack together all gradients
return (1.0 / xt.shape[0]) * (J @ J.T), J

Code snippet 5: Example of evaluating the NTK for PINN (heat equation).
Note that, since computing the loss requires the evaluation of the residual,
computing the NTK requires nested autograd.

3.2.2 Parameter-space viewpoint

The function-space analysis above can be complemented by a parameter-space
perspective. For instance, for the empirical least-square loss @, the gradient
and Hessian are given as

VR (0r) = L75 (u(®) —y), H(0) = L J Ji + (higher-order terms).

If we are in the NTK regime, i.e., the network is wide and approximately linear
in 0 (cf. ), the higher-order terms are small, and H can be approximated
by the Gauss-Newton (GN) approximation %J,CT Ji. Since the empirical NTK
is O = %JkJ,;r, it follows that H(0y) and Oy share the same nonzero eigenval-
ues. This creates a direct correspondence between NTK conditioning in function
space and Hessian conditioning in parameter space. In particular, it implies that
small eigenvalues of O imply small eigenvalues of H (6} ), so that flat directions
in the objective function landscape correspond exactly to slow-learning direc-

tions in function space.
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As a consequence, if the NTK and the Hessian are ill-conditioned, this neg-
atively impacts the convergence of the first-order methods. For example, let
us consider the GD iteration applied to a strongly convex quadratic model
with constant Hessian H and step size 0 < a < 2/Amax(H). It is well known that
the GD iterates satisfy the following classical contraction bound (see, e.g., [S6,
Section 3.2]):

K(H) —
(H)+1

)\max(H)

)n@ Ol () = .

o001~ %] < (£

Thus, if Anin(H) is very small, the contraction factor approaches one and
progress becomes arbitrarily slow. Similar observations extend to stochastic
gradient methods, which we discuss in the upcoming sections.

3.3 Explicit mode-wise error decay and spectral bias

The eigenvalues of ©f determine the contraction rates of the corresponding
error modes during GD training. To understand this behavior, let us again
consider the empirical least-squares loss @ The function-space error is defined
as e := u(f;) — y. Using NTK-induced update , we can obtain a linear
recursion of the following form:

€kl ~ (I - Oé@k) €k. (19)

In regimes where ©y, varies slowly, we may approximate ©y locally with constant
0, i.e., O ~ O, yielding
ex ~ (I — a®)Fey,

which is the standard linear kernel gradient-flow approximation used in [47, [62].
Let the eigendecomposition of © be

© :QAQTa A:diag(Ala"w)\m)a

where ¢; denotes the i-th eigenvector (column of @) and A; is the associated
eigenvalue. Because {g;}; form an orthonormal basis of R™, we may expand
the initial error as eg = 2211 ¢i ¢;- Applying the recursion ex11 = (I — aOg)ey,
repeatedly, then yields

m

Z (1—a\) and  [lexl* =D cF(1—a\)*

i=1

Thus, each coefficient ¢; associated with eigenvector ¢; is multiplied by the scalar
factor (1 —a)\;) at every iteration. This implies that the i-th component decays
geometrically at rate (1 — a\;)*. Hence, if \; is large, the factor 1 — a); is
significantly below one, which leads to a rapid decrease of the corresponding
error mode. In contrast, if \; is very small, then 1 — a\; = 1, so the contraction
per iteration is extremely small.
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Figure 3.2: Example of spectral bias to learn target function ug (purple) com-
posed of low-, medium-, and high-frequencies. The network prediction ug (pur-
ple) is reported at training iterations 100 (left), 1,500 (middle), and 7,500 (right).

This imbalance in decay rates across different eigenmodes is referred to
as spectral bias [93, 122]. DNNs learn components of the solution that align
with large NTK eigenvalues (typically low-frequency or smooth structures)
much faster than the components associated with small eigenvalues (often high-
frequency components). As a consequence, the smallest nonzero NTK eigenvalue
Amin (©) governs the slowest decaying error and directly controls the overall
speed of learning.

Here, we emphasize that different DNN architectures induce different NTKs
and, therefore, exhibit different implicit biases. Specialized architectures can
be designed to mitigate spectral bias; see, for example, Fourier features [I11],
discussed in Section [§] and Numerical Example [f£9]

We report the Python code to evaluate the condition number of a kernel
matrix K in Code snippet [f} We remind that the matrix K depends on the
chosen optimization method, e.g., for GD, K = O.

def cond_number (X):
# Compute singular values (more numerically stable than eigenvalues)
evals = torch.linalg.svdvals(K.cpu()).numpy()
eps = le-9
# Filter out numerical noise and zero eigenvalues
pos = evals[evals > eps]
if len(pos) ==
return np.inf, pos
# Condition number = sigma_maz / sSigma_min
return pos.max() / pos.min(), pos

Code snippet 6: Computing the condition number of the kernel matrix K.

Numerical Example #1: Spectral bias. To illustrate the spectral bias
phenomenon in practice, we consider nonlinear regression as specified in Sec-
tion 2.1.2] to learn the function u(z) = sin(27z) + 0.5 sin(87z) + 0.2 sin(327z),
which is a sum of sinusoids of increasing frequency. The training is performed
using the GD method. As we can see from Figure in early training (itera-
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tion 100), the network fits only the low frequencies. Medium frequencies appear
later (iteration 1,500), and only after many more iterations, the network begins
to capture the high-frequency oscillations (iteration 7,500).

3.4 Kernels of adaptive and second-order methods

We have seen that the conditioning of the NTK and the Hessian plays a central
role in determining the training dynamics of the GD method. A similar analysis
extends to adaptive and second-order methods. Using the same linearization as
in (18), and writing VR (0r) = L 77 (u(6r) — y), the update rule gives

«Q _
Opi1 — O = 75’“ M T (w(By) —y),

where M, ! denotes the preconditioning matrix used by the optimizer. As be-
fore, we linearize the network output hy around 6y at every training point and
stack the resulting approximations into the vector w(#). This yields the func-
tional update

w(Bpr1) ~ (@) — ax O™ (u(ly) — ),

with the adaptive (or preconditioned) kernel
1
R/ (20)

Thus, every adaptive and second-order method can be interpreted in function
space as performing a kernel GD with kernel @,(CM’“). The eigenvalues of @,(CM‘“)
therefore govern the contraction rates of the error for a given optimizer. In the
special case of standard GD (M}, = I), we recover @,ng) = Oy, whose eigenval-
ues {\;} produce per-iteration decay factors of the form (1 — a\;)*. Adaptive
and second-order optimizers reshape these decay rates through the spectrum of
@;M’”'). When Mj, is chosen well, the resulting spectrum is significantly more bal-
anced, narrowing the gap between the fastest- and slowest-contracting modes,
so that the singular values are more similar in magnitude. This phenomenon,
often referred to as spectral flattening, improves the effective conditioning of
the optimization problem (H(G;M’“)) < m(@k)) and typically leads to faster and
more stable training.

Numerical Example #2: Preconditioning. To illustrate the effect of pre-
conditioning on the optimization dynamics, we consider a nonlinear regres-
sion problem as specified in Section Our goal is to learn the function
sin(mx1) + cos(mxe) from inputs (21, z2) using a simple DNN with one hidden
layer. The model is trained using three different optimization methods. Specif-
ically, we consider first-order GD, Adam as a representative of adaptive first-
order methods (Section[5.2 below), and a damped Gauss-Newton (GN) method
as an approximate second-order optimization (Section . GD corresponds
to the choice My = I, while Adam employs a diagonal preconditioner My,
see the update rule (28)). The damped GN method (or Levenberg-Marquardt
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Figure 3.3: Comparison of the convergence behaviors of GD, the adaptive gra-
dient method (Adam), and the Gauss-Newton (GN) method. Left: Evolution
of the function value over the iterations. Right: Condition numbers of the

corresponding empirical kernels H(@éM")).

method) [86, ch. 10.3] uses My, = J,| Ji + BI, where J; denotes the Jacobian
of the model outputs with respect to the parameters and 5 > 0 is a damping
parameter.

Figure [3.3] reports the evolution of the objective function and the condition
number of the associated kernel @fcM’“). As we can see, GD produces the most
ill-conditioned kernel, which correlates with slow convergence. Adam’s diagonal
preconditioning partially alleviates this issue, leading to slightly faster conver-
gence. Notably, the GN method yields a substantially more balanced kernel
spectrum, resulting in significantly smaller values of K(@ECM)C)) and the fastest
empirical decrease of the objective function among the methods considered. To
demonstrate the computation of @;M’“) in practice, we provide in Code Snippet
an explicit construction for the damped GN method.

def compute_GN_kernel(model, X, beta):
# Compute GN kernel: K_GN = J * (J°T J + lambda I)~{-1} * J°T
# Damping is controlled by parameter beta
B =J.t() @ J + beta * torch.eye(P, dtype=torch.float64)
B_inv = torch.linalg.inv(B)
K_gn = J @ B_inv @ J.t()

Code snippet 7: Example of constructing the kernel matrix K = @,&M’“) for the
(damped) GN method.

3.5 Impact of the physical constraints on the loss land-
scape and the NTK of PINNs

A key difficulty in training PINNs arises from the fact that the loss function
does not act directly on the network output hg, but rather on its derivatives
through the PDE operator. This has a profound influence on the geometry
of the objective function landscape and on the conditioning of the NTK, and
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ultimately on the behaviour of employed optimization methods.
To understand this effect, let us consider the decomposition of hg in the
Fourier components, i.e.,

ho(x) = Z h(w)e'@®

with A being the Fourier transform of hy. Let us now consider a Fourier mode
€'“? present in hg(z).
Applying p derivatives multiplies this mode by wP, so

OPhg ~ WP, Ty ~ wP, H®) ~ L] J ~w?.

~m
Thus, each Fourier mode of frequency w approximately satisfies
H(Q) qu ~ WQPQw-
This produces a Hessian spectrum whose eigenvalues span

Amin (H (0)) ~ w22

min’

AIII&X(H(GIC)) ~ w2p

max?

where wpin and wpax are the smallest and largest frequencies that the network

2
effectively represents. The condition number thus scales as k(H) =~ (%) p.
As a consequence, as the differential order p increases, the exponent 2p causes
the ill-conditioning to worsen dramatically. This explains why higher-order
PDEs exhibit far more severe NTK /Hessian pathologies than first- or second-
order PDEs.

The same scaling directly affects the curvature of the PINN objective func-
tion. Low-frequency modes create shallow, nearly flat directions in the loss
landscape, while high-frequency modes produce extremely steep ravines. This
anisotropy makes the optimization problem stiff and highly challenging to solve.
First-order methods tend to move predominantly along low-frequency directions
due to spectral bias, while second-order methods must cope with strong curva-
ture anisotropy.

To illustrate these concepts, we consider two DNNs with identical architec-
tures and parameter values to learn the solution of a one-dimensional Poisson
equation. The first model is trained in a purely data-driven setting, formu-
lated as a nonlinear regression problem using samples of the exact solution
(Section . The second model is trained as a PINN (Section by
minimizing the PDE residual and the associated BC. Figure compares the
associated loss landscapes. Although both models approximate the same func-
tion u, the PINN loss landscape exhibits markedly more anisotropic curvature,
while the data-driven objective remains comparatively smoother, albeit with
several flat or low-curvature regions.
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Figure 3.4: Two-dimensional projection [64] of the objective function landscape
for the same DNN under two training regimes for 1D Poisson problem, where
we learn a map from right-hand side to a solution. Left: Data-driven nonlinear
regression. Right: PINN.

3.6 Practical computations with the NTK

All NTK arguments in this chapter rely on quantities derived from the empirical
kernel

ahak (ZL)
20;

Or = L JpJ, e R™*™, (Jr)ij = Jp € R™*" . (21)
where m is the number of inputs {z;}]”; and § € R®. While this representa-
tion is conceptually simple, computing the empirical NTK for modern DNNs is
generally challenging due to the prohibitive computational and memory costs
associated with forming and storing the Jacobian Jj, whose size scales as mn.
In practice, one of the following three standard strategies can be employed

k)

to compute @;CM exactly, each suited to a different computational regime:

e Naive autograd loop: We construct J; row by row by performing a
backward pass for each sample. This approach is straightforward to im-
plement and requires only standard automatic differentiation tools. How-
ever, it incurs m backward passes, leading to significant runtime overhead
due to repeated graph traversals and poor hardware utilization. Its mem-
ory cost is O(mn), if Jj, is stored explicitly, and it is typically impractical
except for very small datasets.

e Jacobian contraction: Instead of performing a naive loop over the sam-
ples, the full Jacobian J; can be assembled in a vectorized manner. This
can be achieved by using batched automatic differentiation, which applies
the gradient computation to all the samples in the batch at once. The
NTK is then obtained via the matrix product O = %JkJ,j. This ap-
proach is often significantly faster than the naive method. However, it
still requires storing J, leading to O(mn) memory usage, and the matrix
multiplication itself can become a bottleneck. This approach is preferred
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when both m and n are moderate and the matrix fits in the memory. An
example of such calculation in PyTorch via the torch.func.vmap function
is presented in Code snippet [8

Matrix-free NTK-vector products [87]: To reduce memory require-
ments, one can directly exploit the action of the kernel O on a vector
v € R™, ie., the matrix-vector product ©pv, without forming O ex-
plicitly. This approach leverages forward- and reverse-mode automatic
differentiation: a vjp computes J ,I v in parameter space via a single back-
ward pass, while a jvp maps this back to output space via a forward
pass, yielding JkaTv = mOyv. Crucially, neither J; nor O need to be
formed explicitly, requiring only O(n) memory. We refer the reader to
Code Snippet [9] for a PyTorch implementation.

The trade-off between Jacobian contraction and the matrix-free formulation
is governed by the number of required matrix-vector products and memory con-
straints. If the full matrix ©y is needed (e.g., for direct eigendecomposition or
visualization), Jacobian contraction is preferable. If only partial spectral infor-
mation (e.g., extremal eigenvalues) or a small number of linear solves requiring

()k is

desired, the matrix-free approach becomes advantageous. In practice, a

few dozen matvecs often suffice when Krylov methods are used for the linear
solves, making this approach cheaper than the contraction method once the cost
of forming JkaT dominates.

def

def

fnet_single(params, x):
# Scalar network output for a single input
return functional_call(net_reg, params, (x.unsqueeze(0),)).squeeze()

ntk_contraction(net, X, fn_single):
# Vectorized approach: assemble J in one pass, then form Theta = (1/m) J
J°T

params = {k: v.detach() for k, v in net.named_parameters()}

# Apply wvmap over samples

# Function jacrev returns the gradient of the scalar h_theta wrt theta
jac = vmap(jacrev(fn_single, argnums=0), (None, 0)) (params, X)

cols = [jac[k].reshape(X.shape[0], -1) for k in jac]

J = torch.cat(cols, dim=1)

return (1.0 / X.shape[0]) * (J @ J.T), J

# Get NTK using contraction approach

The

Code

ta_contr, J_contr = ntk_contraction(net_reg, x_reg, fnet_single)

snippet 8: Example of evaluating the empirical NTK via Jacobian

contraction using torch.func.vmap function.

def

make_ntk_matvec(net, X, fn_batch):
# Return a closure Theta v
# Argument fn_batch must take a params dict and return the batched output
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params = {k: v.detach() for k, v in net.named_parameters()}
m_local = X.shape[0]
def matvec(v):
# Step 1: J°T v via reverse-mode
_, vjp_fn = vjp(lambda p: fn_batch(p, X), params)
(jtv,) = vjp_fn(v)
# Step 2: J (J°T v) via forward-mode
_, theta_v = jvp(lambda p: fn_batch(p, X), (params,), (jtv,))
return theta_v / m_local
return matvec

def fnet_batch(params, X):
# Vector-valued network prediction
# Returns the m predictions stacked into (m,)
return functional_call(net_reg, params, (X,)).squeeze(-1)

# Get NTK*v product

matvec = make_ntk_matvec(net_reg, x_reg, fnet_batch)

# Build full Theta from the matriz-free form by applying it to the canonical
basis (we evaluate m matvecs)

Theta_implicit = torch.stack([matvec(torch.eye(m)[i]) for i in range(m)],
dim=1)

Code snippet 9: Example of matrix-free computation of NTK-vector product.

Finally, we note that in large-scale settings, even matrix-free NTK compu-
tations may become prohibitively expensive. In such cases, several approxima-
tions have been proposed, for instance via random parameter projections [39],
last-layer NTKs [62], or closed-form infinite-width NTKs [7], 88].

Numerical Example #3: Evaluating the empirical NTK. Figure re-
ports the wall time (left) and the dominant tensor memory (right) of the three
exact approaches for computing the NTK. Experiments are performed using a
four-layer tanh-MLP with 32 width (n = 3,265 parameters). We consider the
number of inputs m from 32 to 1,024. The reported memory is associated with
the dominant tensor allocation, i.e., J, € R™*™ for the naive loop and contrac-
tion approach. For the matrix-free approach, only a constant working set of size
~4n is required.

As we can see from the observed results, the naive loop is never competitive.
Jacobian contraction is the practical default whenever mn fits in memory, scaling
almost linearly in m in both time and memory. Moreover, we also observe
that the matrix-free approach is the qualitative outlier in terms of the memory
requirements. Its size is set by the network size, not by m, and stays constant
throughout the sweep. Combined with the flat per-matvec cost, this makes it
the only viable algorithm for medium- to large-scale DNNs.
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Figure 3.5: Cost of computing the empirical NTK for a four-layer tanh-MLP of
width 32 (n = 3,265 parameters) as a function of the number of inputs m. Left:
Wall time. Right: Dominant tensor memory.

Key Takeaways

The NTK is a fundamental tool for understanding the difficulties related
to the solution of problems involving parametric models. It connects
parameter-space optimization to function-space learning dynamics: the
eigenvalues of ©f govern how quickly each error mode contracts during
training. An ill-conditioned NTK, caused by widely separated eigen-
values, leads to slow convergence, as low-frequency modes learn much
faster than high-frequency ones (spectral bias). Adaptive and second-
order methods can improve convergence by reshaping the spectrum of
the preconditioned NTK kernel @;cM’“), reducing its condition number
and accelerating training.

4 Stochastic gradient descent (SGD)

Stochastic Gradient Descent (SGD) is the most widely used optimization
method in modern ML, and plays an equally central role in data-driven SciML.
Its popularity stems from its simplicity, scalability, and ability to train high-
dimensional models on massive datasets. This widespread use is largely due
to the limitations of classical GD, which, when applied to the finite-sum prob-
lem , requires evaluating the full gradient:

VI0) = = S VEO).

When the dataset size (m) is large, evaluating the full gradient quickly be-
comes computationally prohibitive. However, real-world datasets are highly
redundant, and computing every per-sample gradient at each iteration usually
provides little additional benefit.
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These considerations motivate the shift from classical deterministic optimiza-
tion to stochastic optimization. The finite-sum structure of ML problems allows
one to replace the full gradient with a cheaper approximation. The stochas-
tic gradient (SGD) method randomly chooses a sample at each iteration and
utilizes just the corresponding gradient. Its iterations thus read as follows:

Ok+1 = Ok — .V fi, (Ok), (22)

where o > 0 is a given step size. The symbol i; denotes an index drawn
uniformly at random from {1,...,m} at iteration k.

Each iteration of the SGD method is thus very cheap, involving only the
computation of the gradient V f;, (6x), corresponding to one sample, rather than
all the m terms. Since the index iy is chosen randomly, the generated sequence
depends on the random sequence {i} and is not uniquely determined from 6.
Note that each direction —V f;, () might not be one of descent for f (in the
sense of yielding a negative directional derivative), but we can show that if it is
a descent direction in expectation (the expected value of the scalar product with
V f(0k) is negative), then the sequence {6y} can be guided toward a minimizer
of f. This comes from the fact that V f;, (0) is an unbiased estimator of V f(6y,),
ie.,

EIV /(00 |0 = 3 -V Ai(0:) = V(0

The SGD method is summarized in Algorithm [I] Note that progress is in
practice measured in epochs rather than iterations, where one epoch represents
a complete pass over the training dataset, corresponding to m iterations. In
contrast, the standard GD method, which evaluates the gradient using all m
samples, performs exactly one iteration per epoch, which is why it is often
referred to as batch gradient descent.

Algorithm 1 Stochastic Gradient (SGD) Method

1: Given: A dataset {z;,y;}7™,, the objective functions {f;},, an initial
iterate 6y € R"
2: for k=0,1,2,... do

3 Randomly choose i, € {1,...,m} > Sample-index selection
4 pr = —Vfi, (0k) > Search direction computation
5: Choose ay, >0 > Step size selection
6 Ok+1 = Ok + arpr > Iterate update
7: end for

The SGD method often exhibits rapid progress during the early stages of
training but may stagnate as training proceeds. This behavior is commonly
attributed to the inherent noise in stochastic gradient estimates, typically mea-
sured in terms of the variance

o*(0) = E[[V i, (6) = VO] (23)
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This noise can help the iterates escape local minima and saddle points, but
it also limits the attainable optimization accuracy, as discussed below. How-
ever, since ERM only approximates the expected risk, excessively optimizing
the empirical objective may be detrimental and lead to overfitting, i.e., de-
graded performance on unseen data. Consequently, this limitation is often not
critical in practice.

Mini-batch methods provide an intermediate approach between full-gradient
methods and SGD. Whereas SGD relies on a single sample at each itera-
tion, mini-batch methods compute gradient estimates using a small subset
I C {1,...,m} of the samples at each iteration. The mini-batch Zj, is typically
drawn uniformly without replacement at each epoch, giving rise to the following
update rule:

Opr1 =0k — % > VSilbr).

1€L

This allows one to exploit some parallelism when computing mini-batch gradi-
ents, as each sample contribution can be evaluated independently. Moreover,
a straightforward generalization of the variance formula to the mini-batch
setting shows that the variance of the gradient estimate decreases as |Zj| in-
creases. As a consequence, mini-batch methods are easier to tune in terms of
step size selection. Indeed, as we will see in the following section, the product of
the step size and of the variance impacts how closely the iterates can approach
an optimum. Since the variance decreases with larger mini-batch sizes, larger
step sizes can be used, yielding faster convergence with lower optimization error.
In practice, selecting an appropriate step size is challenging, as its value di-
rectly affects the method’s convergence. The stepsize ay, is often chosen heuris-
tically. For example, a small constant value may be fixed, which, however, can
ensure just convergence to a neighborhood of an optimum. Most often, a step
size schedule is used to decrease «y, progressively, see Numerical Example 4]

4.1 Theoretical results

In this section, we present key convergence results for SGD applied to prob-
lem , and outline one representative proof to illustrate the main techniques.
Additional results and proofs can be found in [32] 12]. Throughout, we denote
by 6* a solution of . Note, the discussed results remain valid if the stochas-
tic gradient V f;, is replaced by any unbiased gradient estimator g satisfying
Elgr | 0x] = V (k).

The stated results mainly depend on the assumptions we make about the
objective function. We always assume the function to be bounded from below.
One quite common assumption is smoothness.

Definition 1. A function f : R® — R is said to be L-smooth if there exists
L > 0 such that, for all 61,05 € R™,

IVf(61) = Vf(02)] < L|[61 — b2]].
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Assumption 1. Each function f; : R™ — R in problem is L;-smooth. We
denote Lax 1= Mmaxj—1,.  m L.

Another important assumption, which, however, restricts the class of func-
tions under study, is the convexity assumption. This assumption generally does
not hold in the most general neural network training problem, but there are
contexts in which it plays an important role, see for instance [I1, [§].

Definition 2. A function f: R™ — R is said to be convez if for all 61,0, € R™,
for allt € [0,1]

ft01+ (1 —1)02) <tf(61) + (1 —1)f(02).
f is said to be strictly convex if for all 61,65 € R™, for all t € (0,1)
f(0r + (1 =1)02) <tf(61) + (1 —1)f(62).

Definition 3. A function f : R™ — R is said to be p-strongly convex if there
exists p > 0 such that for all 01,05 € R™

F(82) = F(02) + V £(8))" (0 = 61) + 5162 — 0]

When needed, we will assume the following.
Assumption 2. Fach function f; : R™ — R in problem is conver.

Convexity of the function usually makes the solution of the problem easier,
since the landscape will be more benign (for instance, all the local minima are
global minima for convex functions). With this assumption, we can obtain
stronger convergence results. For instance, we will see that when f is convex,
we can prove a convergence result on the sequence of functions (even on the
sequence of iterates when f is strongly convex), while in the nonconvex case,
we can just show a result on the norm of the gradient.

Another important factor influencing convergence is the variance of the gra-
dient estimate.

Assumption 3. Assume that the variance of the gradient estimate in i
bounded: o2(0) < o? for all 6.

We will see that a non-zero variance will negatively impact the convergence
of optimization algorithms, which is why variance reduction techniques [12] may
be used to obtain better stochastic directions and relax assumptions on the step
size, which also affects the results. In this chapter, we consider both constant
(o, = a for all k) and vanishing (ar = O(1/k)) step sizes.

We will see that in all the results, the key constants that determine the
convergence rates (smoothness L.y, strong convexity u, and the SGD variance)
are directly related to the eigenvalues of the Hessian H (). In particular, we
recall that, if f is p-strongly convex, then

)\max (H(Q))

Linax = Sl;p )\max(H(e))7 n= I%f )\min(H(Q)), K(H(Q» = m
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Figure 4.1: Trajectories of GD (blue) and SGD on a smooth quadratic func-
tion for different noise levels o € {09, 00/2, 0o/4} (purple, orange, yellow).
Higher noise magnitudes enlarge the region in which SGD oscillates around the
minimizer 6%, while lower noise confines the iterates closer to the GD path.

Thus, the magnitudes of Apin(H(0)) and Apax(H(0)), as well as their ratio
k(H(0)), play a crucial role in interpreting the obtained theoretical convergence
guarantees. The convergence theorems show in particular how SGD deteriorates
with increasing x(H (0)).

4.1.1 Convergence for strongly convex and smooth functions

The first result applies to strongly convex functions, i.e., the ones with the most
favorable landscape.

Theorem 1. Let assumptions[1], [4 and[3 hold, and assume that f is p-strongly
convex. Assume that {0y }ren is the sequence generated by SGD with a

constant step size 0 < a = a < ﬁ for all k. Then, for k > 1, one has

2
Bl — 0717 < (1= g0y — 0" + =0

Proof. From the definition of the step it holds that
1001 — 07|17 = (16 — @V f3, (61) — 0|
= [0 = 0*11* = 20(V fi,.(01), O — 0) + ||V fi, (61)|1*.
Taking the conditional expectation given 6 yields
Elll0x+1 = 0*1* | 0x] = 166 — 0*[|* = 2a(V £ (Ok), O — 0%) + E[[|V £, (6x)II* | Ox].
From the definition of strong convexity it follows
Elll0kr1 = 0%]1* | 0] < (1 — ap) = 2a(f(0k) = £(07)) + aio®.

Taking full expectation and using a variance transfer (see [32, lemma 4.20]) gives
the main recursion:

Ell0k1 = 0*1°] < (1 = agp) B[ — 0*[%] + 2050° + 20:(20Linax — DE[f (0r) — £(6%)]
< (1= o) E[[|0r — 07[|] + 20507,
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where we have used the assumption on the step size. Recursively applying the
above and summing up the resulting geometric series gives

k—1
Elll61 — 0*7) < (1 — ap)* 160 — 0*7 +23(1 — ap)iao”
=0

2002
< (1= a6 — 07> +

O

This result tells us that SGD is not guaranteed to converge with a constant

step size, since the upper bound on the error does not go to zero when k in-
2a0?

creases. Instead, the error stabilizes on the constant value . If the variance
of the gradient estimate were zero, the generated sequence would converge in
expectation to the solution at a fast linear rate (i.e., the error from one iterate
to the next would decrease exponentially). A gradient estimate with nonzero
variance leads to the addition of a constant positive term on the right-hand
side, which breaks the monotone decrease of the error and leads the sequence
to converge to a ball around the optimum, rather than exactly to the optimum
itself.

This means that the method exhibits linear convergence, similar to classical
GD, at a rate depending on the learning rate «. This phase continues until the
iterates enter a neighborhood of the optimum of radius proportional to ac?;
see Figure [I] for an illustration. In addition, a large « leads to a fast initial
decrease but to a larger steady-state error, while a small value leads to a slighter
decrease, but we can eventually come closer to the minimum.

Note that the eigenvalues of the Hessian also impact the convergence. A
small p =~ Apin(H(0)) makes the linear rate (1 — au) close to 1, while it
simultaneously amplifies the variance term (2c/p)o?. Thus, SGD cannot make
progress in flat directions, where the curvature is very small (Apin (H (01)) = 0),
and instead accumulates noise there.

4.1.2 Convergence for convex and smooth functions

In the following theorem we state an ergodic result for SG, applied to convex
functions, with fixed step size [32].

Theorem 2. Let assumptions[1] [4 and [3 be satisfied. Assume that {0 }ren is
the sequence generated by SGD ([22)) with constant step size 0 < ay, = av <
for all k. Define, for every K > 1,

_ 1 &
0}( :Eéok

4Lmax’

Then,

; < 6o — 0|2
E[fwK)_f]ST

+ 2a0?, (24)

32



where f* =inf f. In particular, if for a fited K we set o = \‘}—%{ with oy < 4Lim ,

the two terms are balanced, giving

e lBo— 02 2000 (1
Bl (0r) ~ 1] = o+ = _0(¢K>.

We can see that the decrease is slower than in the strongly convex case (it
is sublinear) and that the variance has the same effect as for strongly convex
functions. In this case, the largest eigenvalue of the Hessian plays a role. Since
the step size « is limited by a < ;71— 4Amx(1H(9k))’ a large Amax(H (0k))
(and hence a large condition number) forces very small step sizes. Moreover,
reducing « also increases the 1/(aK) term in (24)), delaying convergence.

Once again, convergence cannot be achieved with constant step sizes, but
the effect of the variance can be counteracted by a vanishing step size, as shown
in the following theorem [32].

Theorem 3. Let assumptions[1] [] and [3 be satisfied. Assume that {60 }ren is
the sequence generated by SGD (22)) with a vanishing step size ay, = ag/vVk +1
with oy < ﬁ, and define

O := - Z o0y

koakko

Then, for f* =inf f,

. <mm—mw+¥mwMK+nOC%m+n>
= laoVE VE VE )

4.1.3 Convergence for nonconvex and smooth functions

In this section, we just assume that the stochastic gradients are Lipschitz con-
tinuous. Note that in this nonconvex setting, we cannot prove global optimality
results. Nevertheless, we can still obtain bounds on the stationarity of the
algorithm, stated in the following theorem [12].

Theorem 4. Let Assumptions and@ hold. Assume that {0 }ren is the se-
quence generated by SGD with a constant step size 0 < ap = a < %f7
where Ly is the Lipschitz constant of the gradient of f. Then, for any K > 1,

K *
Z IV f(6k ] < 72(11(900[)[(7 1) +Lfa02,
k—0

where f* =inf f. In particular, choosing o = min{L%, \/%}, yields

2(f(60) — f*) | Lyso? 1
E[|[V£(0:)]?) < + —0(—).
o g VE VE (\/K>

K—

,_.

=[ =
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Consequently, for a given € > 0, if K = O(e~2) then

1 =

K & E[|Vf(0r)]I°] = O(e).-

—

This means that we need O(e~2) iterations to drive the mean gradient norm
below the tolerance e. Note that the constant hidden in the O(1/vK) term
depends on Ly = supy |Amax(H ())]. Thus, a large curvature in some directions
(large L) makes O(1/v'K) progress much slower in practice.

As we have seen, the Hessian’s eigenvalues critically affect the theoretical
results across all considered settings. Notably, small eigenvalues Anin (H (6))
lead to slow contraction in the convex setting, while the variance scales as
1/Amin(H(0)), amplifying noise as Apin(H(6)) decreases. At the same time,
large eigenvalues enforce very small step sizes. These observations explain why
first-order methods, such as (S)GD, struggle when training ill-conditioned prob-
lems, such as PINNs.

4.2 Comparison of computational cost: GD vs. SGD

Since the iterations of SGD are much cheaper than those of classic GD, one
may expect that it is always preferable to use SGD. However, the inexactness
introduced in the gradient evaluation comes at the cost of a slower convergence
rate. For instance, if f is u-strongly convex, GD is known to converge linearly [0
Theorem 10.29], meaning that

£00 - 1 < (1-5) (r60) - 1)

The total number of iterations to drive the training error below a given threshold
€ > 0 is thus proportional to log(1/€). Since the per-iteration cost is proportional
to m (due to the need to compute the full gradient), the total work required to
obtain the accuracy e is proportional to mlog(1/e).

The convergence rate of the SGD method is slower than that of the GD
method. For instance, in the strongly convex case with i, drawn uniformly
from {1,...,m} and step size a, = O(1/k), SGD converges sublinearly in ex-
pectation [I2, Theorem 4.7]:

E(f(0x) — f7) = O(1/k).

However, the per-iteration cost of SGD does not depend on the dataset size
m, making it attractive in large-scale settings. Specifically, the total work to
reach accuracy e is proportional to 1/e for SGD, compared to mlog(1l/e) for
GD. Thus, while SGD may be less efficient for small to moderate m, it becomes
increasingly advantageous as m grows large.

If the gradient estimate is computed using a mini-batch of data, a different
trade-off between cost and convergence rate arises. The per-iteration cost scales
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with the mini-batch size, while the variance of the gradient estimate decreases
relative to plain SGD, leading to improved convergence. Thus, the main differ-
ence between these methods lies in step quality: GD performs fewer but more
accurate and more expensive steps, whereas SGD takes many cheap but noisy
steps, and mini-batch methods provide a middle ground.

The same comparison applies to memory requirements. In particular, both
GD and SGD require O(n) memory for the parameters and the gradient es-
timate. Storing the full dataset requires O(md) memory, where d is the per-
sample feature dimension. In the mini-batch setting, only the current |Z;| sam-
ples need to reside in memory, which is the practical reason why mini-batching
is the default strategy once m samples no longer fit in GPU memory.

Numerical Example #4: SGD implementation. This numerical example
demonstrates how the theoretical results discussed in Section 1] manifest in
practice. To illustrate the behaviour of SGD, we consider the logistic regres-
sion problem introduced in Section [2.I] with a synthetic dataset. Figure [4:2]
shows the effect of the mini-batch size on the behaviour of the SGD method.
With a fixed learning rate and very small batches, SGD initially makes rapid
progress but soon stagnates as the stochastic variance in the gradient estimates
becomes dominant, preventing a consistent decrease in the loss. In contrast,
larger batches reduce the sampling noise and produce search directions that
more closely approximate the full gradient. A prototypical implementation of
the SGD in NumPy can be found in Code snippet [I0]

def run_sgd(X, y, gamma=le-4, epochs=300, batch_size=8,
alphaO=1e-3, scheduler=None, seed=0, f_opt=None):
# Run SGD with a fized batch size and (optional) learning-rate scheduler

n, d = X.shape # Number of sample (n) and feature dimension (d)
rng = np.random.default_rng(seed) # Set seed for reproducibility
w = np.zeros(d) # Initial guess for parameters

for ep in range(epochs): # Run over epochs
# Use learning-rate scheduler. If None, fized at alphal
lr = alphaO if scheduler is None else scheduler(ep, alphaO)

idx = rng.permutation(n)
Xs, ys = X[idx], y[idx] # Suffle samples

for start in range(0, n, batch_size): # Run over all mini-batches
end = min(start + batch_size, n) # Get mini-batch
# SGD step direction
d_step = -1r * grad_logloss(w, Xs[start:end], ys[start:end],
gamma)
w =w + d_step # Update the parameters

Code snippet 10: Example of SGD implementation in NumPy.

In practice, two standard mechanisms can be used to mitigate the effect
of the variance of the stochastic search directions, and to drive the residual
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Figure 4.2: Effect of batch size on convergence of the mini-batch GD method
with fixed oy, = 1073, Left: Suboptimality f(6x) — f(6*) over epochs for three
batch sizes (|Z| = {4;16;1,024}). Right: Corresponding relative variance of
subsampled gradient.

variance-related term in the convergence results to zero. Their effect is illus-
trated in Figure The first mechanism is learning rate scheduling, where the
step size ay, is incrementally reduced during training, see the first function in
Code snippet [11] for a possible implementation. In our experiments, we employ
a polynomial decay scheduler of the following form:

%
(14 7k)Pw’

aE =

with initial learning rate cg = 1072, decay coefficient 7 = 2-1072, and exponent
pw = 1. Reducing the learning rate decreases the magnitude of stochastic
perturbations and, as predicted theoretically, it enforces a gradual reduction of
variance [99, [I2]. Note that other schedules, such as step decay, exponential
decay, or cosine annealing, are commonly used in modern practice [67].

def poly_scheduler(epoch, alphaO, decay=5e-3, power=1):
# Polynomial decay learning-rate schedule
return alphaO / ((1 + decay * epoch) ** power)

def batch_size_scheduler(epoch, bs_start, bs_end, frac):
# Linear batch scheduler from bs_start to bs_end at frac rate
frac = epoch / (epochs - 1) if epochs > 1 else 1.0
bs = int(bs_start + frac * (bs_end - bs_start))
return max(1, min(bs, n))

Code snippet 11: Example of implementation of a polynomial learning-rate
scheduler and a progressive batch-size scheduler.

The second mechanism is intended to reduce the variance of the gradient
estimates by a batch-size scheduler, which increases the accuracy of each gradi-
ent estimate by progressively increasing the size of the batches, see the second
function provided in Code snippet [11] for a possible implementation. In this way,
early steps are cheap, computed on a few samples, and become increasingly ac-
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Figure 4.3: Example of reducing SGD noise by using learning rate schedul-
ing (LRS) and progressive batch-size (PBS) increase. The SGD (blue) utilizes
|Z,| =16 and o = 1073. The SGD with LRS (purple) utilizes polynomial
decay of oy, while SGD with PBS progressively increases the batch size |Z|.

curate but more expensive as the iterations approach a minimum, allowing for
a more precise final solution. In our experiment, the mini-batch size evolves
linearly from |Zo| = 16 to |Zr| = 1,024 over T epochs as

k
Tl = 1Tl + m(Zel - T), k=0T

The learning rate is kept constant at o, = g, enabling progress in regimes
where small-batch SGD with a fixed step size would stagnate [108] [104].
Figure[4:3]demonstrates the performance of these two approaches, compared
to SGD with aj, = 1073 and |Z;| = 16. As we can see, both learning rate decay
and batch-size growth strategies effectively reduce the variance of the search di-
rection, thereby restoring convergence. However, they differ subtly in practice:
learning rate decay improves stability but slows down the method permanently,
whereas batch-size growth preserves the step magnitude and reduces noise with-
out sacrificing asymptotic speed, but progressively increases the iteration cost.

Key Takeaways

Stochastic gradient descent (SGD) and its mini-batch variants minimize
finite-sum objectives by replacing the full gradient with a cheap estimate
computed on small random subsets of data. The variance of this estimate
governs convergence. In particular, large variance limits the attainable
accuracy with fixed step sizes, while small variance permits larger steps
and faster progress. Two standard strategies to counteract the effect of
variance are step size decay and batch size growth, both of which restore
convergence in expectation, at the cost of slower iterations or higher
per-iteration cost, respectively.
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Figure 5.1: Sketch of heavy-ball momentum (left) and NAG (right) iteration.

5 Accelerated and adaptive stochastic gradient
methods

The main limitation of standard first-order methods is their slow convergence,
often attributed to the difficulty of selecting an appropriate step size. This issue
becomes even more pronounced in large-scale SciML, where physical constraints,
large models, noisy gradients, and heterogeneous data make choosing a suitable
step size both challenging and essential for stable and efficient training. To
address these challenges, a wide range of accelerated and adaptive variants of GD
and SGD have been developed. In this section, we present the most widely used
ones. From the unifying preconditioning viewpoint introduced in Section [3.1]
the adaptive gradient methods discussed below act as diagonal preconditioners
in parameter space.

5.1 Momentum

The purpose of momentum is to mitigate a key limitation of GD, namely that the
parameter update at iteration k only depends on local information on the gra-
dient, and does not exploit the history of previous updates. Incorporating past
information can provide valuable insight into the objective function landscape
along the optimization trajectory and can significantly improve convergence.

Momentum techniques keep memory of past gradients and accumulate them.
To account for time, they use an exponentially weighted average to give more
weight to recent gradients. The update at iteration k then becomes

Pk = Bpr—1+ (1 —5) gk,

where pj is the new search direction and g; is any gradient approximation at
iteration k. The momentum parameter 3 € (0, 1) controls the weighting between
past and current gradients. The gradient approximation gy is typically obtained
by sub-sampling the training set, and may correspond to the full gradient (|Zy| =
m), a mini-batch gradient (1 < |Zx| < m), or a stochastic gradient (|Z| = 1).
The term (1 — ) is often replaced with the learning rate, and a dynamically
adjusted parameter J; may be used instead of a fixed 5 to scale pi_1, so the
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general update is given as
Ok+1 = Ok — gk + Br(Ok — Or—1), (25)

where the scalar sequence {ay} is either predetermined or set dynamically.

Heavy ball If ay = « and 8 = 3 for some constants o > 0 and 3 € (0,1)
and for all k¥ € N, the update is referred to as the heavy ball method. An
alternative interpretation of this method is obtained by expanding the update:

k
Opr1 = O — a25k_j9j~

Jj=1

Thus, each step can be viewed as an exponentially weighted average of past
gradients. Notably, larger values of 3 place greater emphasis on gradients from
earlier iterations. In practice, 5 is typically chosen close to 0.9.

Nesterov accelerated gradient (NAG) Another widely used variant of
momentum is the Nesterov accelerated gradient (NAG). The core idea behind
NAG is that if the current parameter vector is 6y, then the momentum term
alone (i.e., ignoring the term with the gradient) is about to nudge the parameter
vector by SBi(0k — 0k—1). Therefore, it makes sense to compute the gradient at
Or + Br (0 — Ox—1), instead of at the old position 6y.

Written as a two-step procedure, the NAG update is given as

ék =0, + Bk(ak — 9;9,1) and 9k+1 = ék — Oszf<é;c),
which can be reformulated as

Ors1 =0k — .V (O, + Br(Ox — Or—1)) + Br(Or — Ox—1). (26)

The main difference with classical momentum is thus the order of computation
(momentum step versus gradient step), see also Figure

Cost and convergence The cost of (S)GD methods with momentum is com-
parable to that of classical (S)GD, but their convergence is generally faster. For
example, in the deterministic strongly convex case, the convergence rate of GD
(cf. Theoremwith o = 0) improves from O((1— %)) to O((1—+/E)*), see[90]
for details. In the stochastic case, the convergence neighborhood size increases
from O(ao?) (cf. Theorem ) to (9(%), where o and S denote the step size
and the momentum parameter, respectively. Thus, momentum improves the
convergence rate but enlarges the noise-dominated convergence neighborhood,
which can degrade the final accuracy [123].
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5.2 Adaptive gradient algorithms: AdaGrad, Adam

To overcome the sensitivity of SGD to the choice of the learning rate, several
adaptive optimization algorithms have been proposed. These methods adjust
the learning rate of each parameter individually based on past gradient infor-
mation. The most notable examples are AdaGrad and Adam.

Adaptive Gradient(AdaGrad) [28] AdaGrad updates parameters 6 at it-
eration k in a component-wise manner, i.e.,

Osr (i) = O (i) — ﬁ gi(4), (27)

where the symbol (i) denotes the i-th component of a vector. The symbol
a denotes the global learning rate, and € is a small constant to avoid divi-
sion by zero. The vector g; stands for the gradient approximation at iteration
k and G} contains the sum of squares of past gradients for each parameter,
ie., Gp(i) = Z§:1 g;j(i)%. All together, this gives rise to a preconditioned gra-
dient method with diagonal My, where (M})(4,1) = /G (i) + €.

AdaGrad gives larger updates to infrequent parameters and smaller updates
to frequent ones, which can be particularly useful for sparse data. However, the
accumulated squared gradients in Gy increase indefinitely and can cause the
effective learning rate to decrease excessively over time.

Adaptive Moment Estimation (Adam) [54] Adam addresses AdaGrad’s
vanishing learning rate by maintaining exponentially decaying averages of past
gradients (first moment) and squared gradients (second moment):

my (i) = Bimy—1(i) + (1 — B1)gx(3),
(i) = Bavk—1(i) + (1 = B2) (g (4))?,
which are then bias-corrected as

i) = 750 (i) = 5

where (81 and 3, are decay rates for the moving averages. The bias correction is
necessary because my, and vy are initialized at zero, causing their early estimates
to be biased toward zero. The factors (1 — £¥)~1 and (1 — 85)~! compensate
for this effect by rescaling the estimates to the appropriate magnitude; their
influence vanishes as k — oo.

The moments my, and 9y, are then used to update the current iterate in the
following, component-wise, manner:

1, (7)

Op+1(i) = 0(i) — « AOE - (28)
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giving a diagonal preconditioned update with (My)(i,4) = (\/0r (i) + €) /7 (7).
Adam maintains an exponentially decaying moving average of squared gradi-
ents, which remains bounded and thus avoids the vanishing learning-rate issue
inherent to AdaGrad’s cumulative accumulation of squared gradients. As a re-
sult, Adam combines the benefits of AdaGrad’s per-parameter learning rates
with momentum’s acceleration, making it robust to noisy or sparse gradients.
It is nowadays implemented in all the ML libraries, and it is one of the most
widely used optimizers.

Cost and convergence Both AdaGrad and Adam have the same per-
iteration time complexity as (S)GD, with a small memory overhead. AdaGrad
stores the accumulated squared-gradient sum Gy, while Adam stores the first
and second moments my and vy.

Regarding convergence, AdaGrad is fairly well understood. For convex Lip-
schitz functions the rate is O(K~'/2) [28, 127], improving to O(log(K)/K)
for strongly convex functions. In the nonconvex setting, AdaGrad achieves
ming<x |[Vf(0x)|? = O(K~'/?) |24], matching the optimal SGD rate under
comparable assumptions.

The convergence theory for Adam is more involved. Even for convex prob-
lems, the original Adam scheme can fail to converge [97], as aggressive decay
of the second-moment estimate can discard useful historical gradient informa-
tion. Modern variants exist, such as AMSGrad [97], which enjoy convergence
guarantees but tend to underperform Adam empirically. Despite its incomplete
theoretical foundation, Adam remains one of the most effective and widely used
optimizers in practice.

Numerical Example #5: SGD, NAG, AdaGrad and Adam. We now
empirically compare the performance of SGD, NAG, AdaGrad, and Adam, on
the same logistic-regression problem as considered in Numerical Example [#4]
All methods are run in the full-batch regime (|Zx| = 6,000), ensuring that dif-
ferences in convergence arise solely from the update rule rather than stochastic
sampling effects. Step sizes are chosen to guarantee stable behavior: SGD and
NAG use a small step size a; = 10~%, whereas AdaGrad and Adam employ
significantly larger values aj = 1072, Code snippet provides a prototypical
implementation of the four optimizers used in this comparison.

def run_optimizer( X, y, lam=le-4, epochs=300, batch_size=16,
optimizer="SGD", etal=le-3,beta=0.9, betal=0.9, beta2=0.999, eps=le-8,
seed=0, f_opt=None):
# Unified driver that runs SGD / Momentum / NAG / AdaGrad / Adam
# At each iteration a mini-batch gradient g is computed and an update
rule is applied according to “optimizer’

n, dim = X.shape # Dimension of input features and parameters
rng = np.random.default_rng(seed) # Seed for reproducibility

w = np.zeros(dim) # Initialization of parameters

# State wartables
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10 v = np.zeros_like(w) # Momentum / NAG welocity

11 G = np.zeros_like(w) # AdaGrad sum of squared grads
12 m = np.zeros_like (w) # Adam first moment

13 v2 = np.zeros_like(w) # Adam second moment

14 k=0 # Global step counter

17 for ep in range(epochs): # Run over epochs
18 idx = rng.permutation(n) # Suffle dataset
19 Xs, ys = X[idx], ylidx]

21 for start in range(0, n, batch_size): # Run over all batches
22 end = min(start + batch_size, n)

23 Xb, yb = Xs[start:end], ys[start:end] # Select mini-batch
24 k +=1

6 if (optimizer != "NAG"):
27 # Evaluate gradient using current iterate w and mini-batch
28 g = grad_logloss(w, Xb, yb, lam)

30 if optimizer == "SGD":
step = -etal0 * g # SGD search direction evaluation

elif optimizer == "momentum":
34 v = beta * v + g # Momentum evaluation
step = -eta0 * v # SGD with momentum step

37 elif optimizer == "NAG":

38 # Computation of look-ahead point

39 w_look = w - eta0 * beta * v

10 # Evaluation of gradient at look-ahead point

11 g = grad_logloss(w_look, Xb, yb, lam)

12 v = beta * v + g # Momentum computation
step = -etal0 *x v # VAG step

4 elif optimizer == "AdaGrad":
16 G += g * g # Updating gradient history
17 step = -etal * g / (np.sqrt(G) + eps) # Adagrad step

19 elif optimizer == "Adam":

50 m = betal * m + (1 - betal) *x g # First-moments

51 v2 = beta2 * v2 + (1 - beta2) * (g * g) # Second-moments

52 m_hat = m / (1 - betal ** k) # Bias corrected first-moments

: v_hat = v2 / (1 - beta2 ** k) # Bias corrected second-moments
54 step = -eta0 * m_hat / (np.sqrt(v_hat) + eps) # Adam step

56 else:
57 raise ValueError ("Unknown optimizer")

59 w += step # Parameter update with search direction (step)

Code snippet 12: Implementation of SGD, momentum, NAG, AdaGrad, and
Adam in NumPy.

Figure[5.2] shows that standard SGD exhibits the slowest convergence. NAG
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Figure 5.2: Convergence of SGD, NAG, AdaGrad, and Adam on the logistic
regression problem of Numerical Example @

and AdaGrad achieve faster progress during the initial phase, but both ulti-
mately remain limited by the ill-conditioning. Adam, by contrast, exhibits the
fastest overall convergence, demonstrating that adaptive preconditioning can
stabilize training while enabling the use of larger constant learning rates.

We emphasize that optimal step size choices and the relative performance of
these optimizers are problem-dependent and must be tuned in practice. More-
over, in deep-learning applications, methods that progress slowly or conserva-
tively (such as SGD) may explore the landscape more thoroughly and often
yield solutions with better generalization performance. As a result, identifying
the most suitable optimization method and tuning it appropriately remains a
key practical challenge in ML workflows.

Key Takeaways

Momentum techniques are designed to improve the convergence rate of
(S)GD by incorporating past information in the update. Adaptive gra-
dient methods can be thought of as preconditioned gradient methods,
i.e., their updates are obtained by the gradient one, premultiplied by an
invertible matrix intended to approximate the inverse of the Hessian, to
include curvature information and speed up convergence. In adaptive
gradient methods, the preconditioner (the invertible matrix) is diago-
nal and built from only first-order information (first- and second-order
moments of the gradients).

6 Beyond first-order optimization

While first-order methods such as SGD and Adam dominate modern ML, they
often struggle in SciML settings, motivating the use of curvature-aware ap-
proaches. Second-order methods, such as Newton’s method, can converge much
faster near a local minimizer, which is particularly beneficial in SciML, where
the loss landscape is often stiff and highly anisotropic due to underlying differ-
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ential operators. Coupled with globalization strategies, such as line search [86]
or trust-region methods [I8], these methods are ensured to convergence from
arbitrary starting points. However, their high computational cost makes them
impractical at scale, leading to the development of scalable alternatives such as
Hessian-free inexact Newton, subsampled Newton, or quasi-Newton methods.

6.1 Hessian-free inexact Newton—Krylov methods

Recall that the Newton step requires solving the linear system
H(0) pr = =V f(0) (29)

for the search direction pg, which is computationally challenging due to both
the memory and computational cost of forming and inverting H (6y).

Hessian-free inexact Newton—Krylov methods [57] provide a scalable means
of incorporating curvature information without explicitly forming or storing the
Hessian. Rather than solving exactly, these methods compute an approxi-
mate Newton step satisfying

I1H (Ok)pe + VI (Ok) < nlIVFO),

with 1 > 0, using an iterative Krylov solver (e.g., conjugate gradient), which
requires only matrix-vector products H (0 )v. If the tolerance 7 is progressively
tightened as the iterations proceed, inexact Newton methods achieve superlinear
convergence [25]. A concrete example is the Eisenstat—Walker choice of 7, given
as [29]
= HIVFGR) = IV f(Ok-1) + H(Ok—1)pr—1]l|
IV f(Or-1)ll ’

which adapts 7, automatically based on how well the previous linear system
was solved, avoiding both over-solving and under-solving.

A key advantage of Newton—Krylov methods is that Krylov solvers require
only Hessian-vector products. This is particularly attractive in ML, where
Hessian-vector products can often be computed efficiently using automatic dif-
ferentiation or adjoint techniques. Such ideas have recently been employed for
regression problems in SciML [128], demonstrating higher model accuracy or
lower computational cost than adaptive first-order methods.

Cost and convergence FEach Newton—Krylov iteration is more expensive
than a GD iteration, as it requires several inner Krylov iterations, each involv-
ing two Hessian-vector products of cost comparable to a gradient evaluation. In
practice, only a few inner iterations suffice to achieve the required accuracy on
the Newton direction, and the improved convergence behavior typically com-
pensates for the additional per-iteration cost. The memory footprint remains
comparable to that of first-order methods, since the Hessian is never explicitly
formed, making Newton—Krylov one of the few practically scalable second-order
approaches for large DNNs.
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Since fast local convergence is guaranteed only in a neighborhood of a solu-
tion, these methods are often used in combination with globalization strategies
to ensure convergence from arbitrary starting points.

6.2 Subsampled Hessian-free inexact Newton methods

Analogous to mini-batch gradient methods, the computational cost of Hessian-
free inexact Newton—Krylov methods can be further reduced by employing sub-
sampled Hessian [TI00]. In this case, mini-batches are used both for the gradient
and for the Hessian approximations, and the step is given as

Hzu (Or)pe = =V f1,(0r),

where we used index sets Z C {1,...,m} and Z}! C {1,...,m} to obtain the
stochastic gradient and stochastic Hessian estimates as

Vi (0r) = |I‘ZWZ (0), Hzp (0) = Zv% 0r).

i€l ieTH

Here, we assumed that the mini-batch I,’:I is uncorrelated with the mini-batch
Ty and |ZH| < |Zy|, since the iteration scheme is more tolerant to noise in the
Hessian estimate than it is to noise in the gradient estimate.

If one chooses the subsample size |Z | small enough, then the cost of each
product involving the Hessian approximation can be reduced significantly, thus
reducing the cost of each Krylov iteration. Algorithm [2]summarizes the subsam-
pled Newton method. The choice of the step size in this context is often done
via line-search strategies [86], ch.3], adaptive techniques that ensure convergence
of the method for any starting point.

Similar to stochastic first-order methods, subsampled Newton methods are
not particularly well-suited for physics-informed problems due to the global
coupling induced by the PDE constraints. However, they may be well suited
for data-driven SciML problems, where the loss decomposes over independent
training samples, e.g., operator learning, DNN surrogate models trained on
simulation data, or latent-space representations learned from large collections
of solution snapshots. In such cases, the Hessian admits a natural sample-wise
decomposition, making subsampled Newton methods a potentially effective yet
largely unexplored alternative to (adaptive) first-order optimization.
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Algorithm 2 Subsampled Hessian-free Inexact Newton Method

1. Given: A dataset {z;,y;}7,, an objective function f : R™ — R, an initial
iterate 0y € R"
2: for k=0,1,2,... do

3: Choose T} and construct HI,f’ (6k) > Hessian approximation
4: Choose Zj, and V fz, (0)) > Gradient approximation
5: Obtain pi by approximately solving > Inexact step computation

Hzp Ok )pr = =V fz, (0k)

6: Choose ay, > Step size selection
7 Set Ok41 = Ok + arpk > Iterate update
8: end for

6.3 Quasi-Newton methods

Quasi-Newton methods use the same update rule as Newton’s method, but
instead of the exact Hessian H(0y), they employ an approximation Bj. The
update is then given as 011 = 0+aypi, where py, is such that Bypr, = —V f(0).
The most well-known quasi-Newton method is perhaps BFGS [86, [65], which
allows for directly approximating the inverse of the Hessian By, so that the
iteration update further simplifies by avoiding the need to solve a linear system.
Thus, the search direction is obtained as

pe = —BpV f(01).

At iteration k, the inverse Hessian approximation By, is constructed recur-
sively, starting from an initial approximation By, according to

Bi1 = (I — owskyl) Be (I — owynsy) + oksist , Ok = —F—> (30)

where
Sk := Og1 — Ok, Yk ==V f(Or41) — VI (0k).

If By, is symmetric positive definite and the curvature condition y;{sk > 0 holds,
then By is also symmetric positive definite.
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Algorithm 3 L-BFGS two-loop recursion

1: Given: Current gradient V f(6y), pairs {si,~yi}f:1, 0i = 1/(y}'s;), initial
approximation of the inverse of the Hessian BY

2: Set q= Vf(tgk)

3: fori=k—1,k-2,...,k— S do
4: Compute o; = 0;57 q

5: Update ¢ = ¢ — ay;

6: end for

7: Set r = ng

8 fori=k—Sk—S+1,....,k—1do
9: Compute 3 = g;ylr

10: Update r = r + s;(a; — B)

11: end for

12: return r

L-BFGS For large-scale problems, storing the full matrix By, is infeasible.
This motivates the use of a limited-memory variant, termed L-BFGS, which
stores only S most recent secant pairs {(si,yi)}f:_klf g instead of the full By,.
These pairs suffice to approximate the application of By, to Vf (0x) in order to
compute the search direction py, in turn reducing storage requirements from
O(n?) to O(nS), where n is the number of variables.

To derive an efficient procedure for applying By, to V.f()), we rewrite the
BFGS inverse update in the compact form as

Biy1 = VI BLVi + orsist, Vi i= 1 — okyrsi . (31)

As a consequence, the product B,V f(6;) can be computed using only inner
products and vector additions involving the stored secant pairs {(s;, ;) f:_klf 5

Thus, by repeatedly applying , we obtain

Br=WVL, - VEBY(Viis-Vi1)
+on-s(Vily - VkT—SH) Skfssgfs (Vi—st1+- V1)
+ Qk—S-‘rl(VkT_l s VkT_SJ’_Q) Sk—S'i‘ng—SJ,-l (Vk—S+2 . Vk—l)

T
+ ot Ok—1SKk—15K_1-

This expression leads to a recursive scheme for computing B,V f (0) efficiently,

namely the two-loop recursion summarized in Algorithm [3| Assuming BY is di-

agonal, the two-loop recursion requires approximately 45Sn + n multiplications.

A common choice for BY is a scaled identity BY = 7,1, with 7, > 0. Param-
T

eter 7, is often chosen as 7, = %, which matches the local curvature
k—1Yk—

information from the most recent quasi-Newton pair, see [85] for details.

Algorithm [4]outlines the L-BFGS procedure. Note that when using L-BFGS,
full gradients are typically required, as the method is sensitive to noise in gra-

dient estimates. While noise-robust variants of BFGS and L-BFGS have been
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proposed [I05], [46], this is not a significant limitation for physics-based mod-
els, which are usually trained in deterministic settings due to global coupling
induced by PDE constraints. Consequently, L-BFGS has emerged as one of
the most widely used optimizers for PINNs, see a comprehensive benchmark of
quasi-Newton methods for PINNs provided in [55].

Cost and convergence Each L-BFGS iteration costs O(nS), compared to
O(n) for GD, as it applies the two-loop recursion over S stored curvature pairs
(8i,9:) € R"xR"™. The memory footprint is O(2nS), which for a typical choice of
S = 2-5 is comparable to Adam’s within a small constant factor, while avoiding
the O(n?) cost of full BFGS.

Despite modest overhead, L-BFGS typically converges much faster than GD,
often superlinearly in practice. As the method relies on the positive definiteness
of the Hessian approximation, a line search satisfying the Wolfe conditions [86] is
standard, ensuring both sufficient decrease and the curvature condition required
for the two-loop recursion to remain well-defined.

Algorithm 4 L-BFGS

1. Given: A dataset {z;,y;}7,, an objective function f : R™ — R, an initial
iterate 6y € R™, a memory size S > 0
2: for k=0,1,2,... do

3: Choose Bg > Initial inverse Hessian approximation
4: Compute py = —Bka(Gk) by using Algorithm [3| > Step computation
5: Choose ay, > Step size selection
6: Ok+1 = Ok + arpi > Iterate update
7: if k£ > S then > Secant pairs update
8: Discard {(sx—s,yr—s)} from the storage

9: Compute and save s, = 011 — Ok, Yy = Vf(Okr1) — VF(0k)

10: end if
11: end for

6.4 Switching from first- to second-order optimization

Adaptive first-order optimizers such as Adam are highly effective during the
early stages of training due to their ability to handle poor gradient scaling,
strong anisotropy, and stochastic noise. However, their adaptivity can bias the
optimization trajectory and limit the asymptotic accuracy of the learned solu-
tion [124} 53, 43]. In contrast, quasi-Newton methods are often more effective
in later stages of training, when the terms in @D vary more smoothly along the
optimization trajectory and curvature information can be exploited reliably.
This complementarity motivates hybrid training schedules that combine the
robustness of first-order adaptive optimizers with the precision and fast local
convergence of quasi-Newton methods. The most common strategy in the PINN
literature is the two-stage Adam — L-BFGS scheme [95] [T18]. Adam provides a
robust initialization phase, bringing the parameters 6 into a favorable region of
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the loss landscape. Once the optimization enters a smoother regime, L-BFGS
then refines the solution using curvature-aware updates.

Because the optimal switching point is problem-dependent, switching too
early leads to unstable curvature estimates, whereas switching too late wastes
iterations. To address this, several heuristics have been proposed to determine
the suitable transition point in practice. For example, one might observe that
the gradient norm ||Vyf(6x)|| is typically noisy during early Adam iterations
but stabilizes once the loss landscape becomes smoother. Hence, a persistent
plateau in ||V f(0))|| over several epochs indicates readiness to switch to L-
BFGS [II8, [76]. Alternatively, one might explore approaches based on PDE
residual saturation [I18] [76] or stabilization of adaptive learning rates [I18] [T0T].

Numerical Example #6: Training of PINNs. Figure illustrates the
contrasting optimization behaviors of Adam, L-BFGS, and a hybrid Adam—L-
BFGS strategy for a representative PINN example (1D Poisson problem). An
implementation of this hybrid strategy is provided in Code Snippet [I3] As we
can see, Adam often achieves rapid loss reduction during the early, noisy, and
highly anisotropic phase of training. However, its progress may slow down once
the optimization enters a more stable regime where curvature effects dominate.
Standard L-BFGS, when started from the same initialization, fails to make
progress at a certain point due to unstable curvature estimates. In contrast, the
hybrid Adam—L-BFGS schedule automatically transitions when the gradient
norm stabilizes, enabling L-BFGS to exploit accurate curvature information
and achieve substantially faster convergence and improved accuracy. Here, the
switch from Adam to L-BFGS is triggered when the average gradient norm over
200 consecutive iterations decreases by less than 0.5%.

def train_adam_then_lbfgs_automatic_switch(model, x, f_rhs, u_exact,
adam_max_iters=8000, adam_min_iters=500, lbfgs_iters=1000, lr_adam=1le-4,
window=200, plateau_tol=0.995, history_size=50, tol_grad=le-12,
tol_change=1le-12):

# Train PINN with Adam first, then automatically switch to L-BFGS on
convergence plateau

# Use Adam optimizer of Pytorch to train parameters of model
opt_adam = optim.Adam(model.parameters(), lr=lr_adam)

def grad_norm():
# Compute L2 morm of gradients
return sum(p.grad.norm().item()**2 for p in model.parameters()
if p.grad is not None)**0.5

#o----- Addam stage: early exzploration -----
for k in range(adam_max_iters):
opt_adam.zero_grad() # Zero gradient storage in Adam
# Eval derivative required to evaluate PDE
uxx = pinn_second_derivative(model, x)
loss = loss_fn(uxx, f_rhs) # Compute PINN loss
loss.backward() # Perform back-propagation to get gradient

# Adam optimizer step
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Figure 6.1: PINN training for Poisson problem in 1D using Adam, L-BFGS,
and a hybrid Adam—IL-BFGS strategy. The hybrid strategy initially follows
Adam, then automatically switches to L-BFGS once the gradient norm stabi-
lizes, yielding significantly faster convergence in the later stages.

opt_adam.step()

L, E = compute_loss_and_error(model, x, f_rhs, u_exact)
grad_norms.append(grad_norm()) # Store gradient norms

# Check for convergence plateau using sliding window
if k > adam_min_iters + window:
r = np.mean(grad_norms[-window:]) /
np.mean(grad_norms [-2*window: -window])
if r > plateau_tol: # Stagnation detected
print (£">>> Switching to L-BFGS at iter {k}")
break

# o----- L-BFGS stage: final refinement -----

# Use L-BFGS optimizer of Pytorch to train parameters of model
opt_lbfgs = optim.LBFGS( model.parameters(), max_iter=1,
history_size=history_size, line_search_fn="strong_wolfe",
tolerance_grad=tol_grad, tolerance_change=tol_change)

for k in range(lbfgs_iters):
# L-BFGS requires a closure, which return loss, in order to perform
line-search to determine optimal step-size
def closure():
opt_lbfgs.zero_grad() # Zero gradient storage in L-BFGS
# Eval derivative required to evaluate PDE
uxx = pinn_second_derivative(model, x)
loss = loss_fn(uxx, f_rhs) # Compute PINN loss
loss.backward() # Perform back-propagation to get gradient
return loss # Return loss

opt_lbfgs.step(closure) # Perform L-BFGs optimizer step
Code snippet 13: Example of using Pytorch’s Adam and L-BFGS optimizers for

training of PINN (1D Poisson). Automatic switch between Adam and L-BFGS
is also implemented.
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Key Takeaways

Second-order methods exploit curvature information contained in the
Hessian, enabling faster convergence than first-order methods near a so-
lution. In their classical form, however, they are too expensive for large-
scale problems due to the O(n?) cost of forming and storing the Hessian.
Scalable alternatives, such as Hessian-free Newton—Krylov, subsampled
Newton, and quasi-Newton (L-BFGS) methods, recover much of this ben-
efit at a cost that remains roughly linear in the number of parameters.
For PINNS, a practical and widely used strategy is to begin training with
Adam for robust early-stage progress, then switch to L-BFGS to exploit
curvature information and achieve faster final convergence.

. J

7 Soft constraints and loss balancing

The objective function f is frequently composed of N terms as
NHOE Ef\il v Ri(0), where v; € R*. This is due to the fact that typically
several terms are incorporated into the loss function in order to improve gener-
alization, enhance the well-posedness of the optimization problem, and enable
more stable and efficient training. Such terms may include regularization or
physical constraints, enforced softly through penalization (recall Section. The
following subsections discuss the key ideas behind these formulations as well as
the strategies for balancing heterogeneous loss terms. From the preconditioning
viewpoint introduced in Section[3.1] the discussed loss-reweighting strategies act
as data-space preconditioners that reshape the empirical loss and the effective
Hessian/NTK spectrum.

7.1 Loss functions with multiple terms
7.1.1 Regularization

Regularization terms are often used to ensure that the learned model gener-
alizes well beyond the training samples/collocation points. They augment the
objective with an additional term R,.s, leading to the modified objective

£(0) := Ry (8) + v Rreg(6),

where v > 0 is a regularization parameter. A common strategy is to incorporate
L? or L' penalties on the parameters or on the network’s output gradients, e.g.,

Rieg(0) = [10]1%, Rreg(0) = |[Voholl*.

The first term encourages smoother parameter trajectories, while the second
directly penalizes sharp variations in the network output.
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In PINNSs, one can additionally employ physics-guided regularization to con-
trol high-frequency components. A frequently used formulation is [19] [109]

ﬁreg(e) :/Q|Vph9(x)’2dx,

where p is the differential order of the operator /. Such derivative- or spectrum-
based penalties enforce physically consistent smoothness and often improve both
training stability and out-of-distribution generalization.

7.1.2 Soft constraints

A canonical example of introducing soft constraints arises in PINNs (cf. Sec-
tion , where the PDE residual and the BC conditions are added to the loss
via penalty terms, i.e.,

j%m(@) =70 ﬁﬂ (@) +p EFD () +~ ﬁI“N (0) + Yaata Edata(g)a

where EQ,}AEFD,}AEFN, and ﬁdata denote, respectively, the PDE residual, the
Dirichlet and Neumann boundary terms, and the data-misfit term as defined in
(10).

The weights vo, YD, YN, Ydata € RT control how strongly each constraint
is enforced. In the limit v — oo, the penalty formulation formally recov-
ers the corresponding hard-constraint problem. However, the choice of these
weights strongly influences the optimization dynamics. If they are too small,
the constraint may fail to be enforced effectively. If they are too large, the
loss landscape becomes stiff, with one term dominating the overall gradient and
hindering progress in the remaining components. The next subsection discusses
how to mitigate this difficulty by systematically balancing the contributions of
the heterogeneous loss terms.

7.2 Balancing the loss terms

Selecting appropriate weights v = (7y1,...,7n) is often challenging. Loss-
balancing strategies aim to rescale the contributions of each component so that
gradients and curvature are more homogeneous. From the NTK viewpoint of
Section each ~y; scales the eigenvalues of the i-th NTK block, directly con-
trolling that component’s convergence rate. However, imbalanced weights widen
the overall spectrum and degrade the conditioning of the composite problem.
Loss-balancing strategies can therefore be understood as hand-tuned data-space
preconditioners (cf. Section [3.1).

7.2.1 Example: Impact of penalty terms on NTK’s conditioning

Let us consider the simplified PINN setting with two loss components, the
PDE residual RQ and a boundary term RF, with corresponding weights v
and yp. In the NTK regime, the empirical NTK acquires a block structure
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aligned with these two components. More precisely, neglecting the off-diagonal
coupling blocks (which are typically small when the two loss components involve
disjoint collocation points), the weighted NTK reads as

(v _ (12 ©Oaq 0
© < 0 giy @Fr) ’ (32)

where Oqq, Orr denote the per-component empirical NTK blocks.
The condition number of the NTK is then given as
max (Yo Ak, 70 M)

min(ye Ao, 70 M)

k(O0) = (33)

where Alhy, )\l(fl)in are the largest and smallest eigenvalues of the NTK blocks.
As we can see, the NTK spectrum is jointly controlled by the spectra of the
individual blocks (problem-dependent) and by the relative scaling of the weights
Yq,vr. In particular, even if each block ©;; is individually well-conditioned,
a large mismatch between g and A can severely inflate 5(9(7)) and slow
convergence. Our overall goal is therefore to explore loss-balancing strategies,

which select {y;}¥, to reduce x(©).

7.2.2 Bilevel approaches

A principled strategy for choosing the weights -~ is to treat them as hyperparam-
eters that are selected by optimizing some outer performance measure C, such
as the validation loss or the mean PDE residual. This leads to the following
bilevel optimization problem [40]:

N
min C(0(7), st 6(y) = argmin ;7 Ri(0),

where the inner problem determines the model parameters 6 for a fixed weights
~, while the outer problem adjusts v based on the performance measure C.
At the inner optimum 6*(vy), the stationarity condition

VoRm(0*,7) =0

implicitly defines the dependence of §*(y) on ~. Differentiating this condition
with respect to v yields the hypergradient V.,C whose components are given as

o
;

~

= —(VoC(6*))TH (0%, 7) V3R;(6*),  H=VoRu(0%,7),

which shows that the response of 8* to changes in ~ is governed by the inverse
Hessian H ! of the inner objective.

In the NTK regime, the inner Hessian H shares its nonzero eigenvalues
with the empirical NTK ©f. The hypergradient therefore implicitly uses @,:1
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to update ~y, so that bilevel balancing is in fact an NTK-aware update of the
weights. It accounts simultaneously for inter-block scale mismatch and intra-
block stiffness in ©(). In particular, it drives v toward values that reduce
x(00)). However, computing or inverting H is prohibitive in practice, especially
for large ML models. The heuristic strategies discussed below can be viewed
as inexpensive, first-order approximations of this exact update, each capturing
only part of its effect on the NTK spectrum.

7.2.3 Adaptive weighting strategies

Adaptive weighting strategies are heuristic techniques that can be used to ad-
just the weights v during the optimization process so that the different loss
components contribute more evenly.

Gradient-norm balancing The common approach is to employ global
heuristics, that assign a single coefficient to each loss component. One of
the most widely used approaches in this category is Gradient-norm balancing
(GN) [17], which updates the weights « in order to equalize the magnitudes of
the per-loss gradients with respect to the shared parameters. At each iteration,
GN computes for each component i the partial gradients ||v;VgR;(9)||, mea-
suring the contribution of the i-th loss component to the overall gradient. A
target value for these quantities is derived from the relative training speed of
the losses: R R

_ Ri(9)/Ri(0)

¥ X0 R (0)/R;(0)

GN approach is designed such that it minimizes the surrogate objective

7

N N
~ 1 ~
Leraa(v) = D | 1 VoRi(0)| = 5 D 1 VoRi(0)]] pf
j=1

i=1

)

with respect to the weights v, where ( > 0 controls how strongly the method
enforces equalized relative descent rates among the losses. In practice, this step
is inexpensive as only a single gradient-descent update is applied to each ~; using
O0Lgraa/07vi, followed by a normalization step to maintain weights on a similar
scale. This procedure equalizes the influence of the different loss terms without
computing second-order information, thus providing a practical and efficient
approximation to bilevel loss balancing. Other heuristics in this category include
for example uncertainty-based weighting [52] [126] and stage-dependent curricula
learning [I18].

In the two block-NTK example discussed above (Section |7.2.1), GN rescales
the between-block contributions. By enforcing that ||v;VeR;|| is equal across
components, GN approximately drives the weights toward

rYQ /\Er%)x ~ rYF AS;a)x = Mmax,
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so that the dominant eigenvalues of the two blocks become comparable. Sub-
stituting into , the condition number of the GN-rescaled NTK simplifies
to

k(©@eN)) — Hmax — ma; /@(Q), (D) ,
| w0, ey )
where k(¥ := ,\S,iLX / )\Sgn denotes the within-block condition number. GN there-
fore removes the inter-block scale mismatch in ©) and brings the overall con-
dition number down to the worst within-block stiffness. However, since each ©;;
itself is unchanged, GN does not address the intra-component stiffness.

Spatially adaptive weighting Using a single global weight for each loss com-
ponent presumes that all samples contribute comparably. However, in PINNs,
the PDE residual is often highly non-uniform, frequently differing by several
orders of magnitude across the domain [76]. This mismatch can cause the op-
timizer to overfit well-resolved regions while failing to sufficiently reduce the
error in stiff or under-resolved parts of the domain. Spatially adaptive weight-
ing strategies were designed to mitigate this difficulty by assigning location-
dependent weight £; to all collocation points, thus replacing the standard resid-
ual term by

ng,s)=miﬂzfj|/\f[hel<xj>—q<xj>|2, S ¢ =ma, &>0.
j=1

j=1

A widely used approach for constructing spatially adaptive weights £ is
residual-based weighting [5, [16], which constructs the weights directly from
the pointwise residual rg(z;) = N'|hg](z;) — q(z;). A typical example includes
power-law normalization, where the j-th weight takes on the following form:

|ro(x;)”
bl
= o |ro(ak)|P

This promotes more uniform residual reduction across the domain Q by up-
weigting under-resolved regions, i.e., regions with high residual.

Recall the two-block-NTK example discussed in Section [7.2.1] The per-
point weights &; rescale rows and columns of the residual block. In particular,
let D¢ = diag(&1, ..., &m,, ). The NTK of residual loss becomes

&= B> 0. (34)

éQQ = Dé/z @QQ Dg/Z

Using residual-based weights , collocation points with larger PDE residuals
receive larger weights. Since these points often correspond to directions that
are learned slowly, they are associated with small eigenvalues of Oqq. Thus,
re-weighting them increases their impact and can make the spectrum of ©qq
more balanced. Thus, the within-block condition number is reduced, i.e.,

HéQ) = Ii(éQQ) < K](@QQ) = k),
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As we can see, GN-type and spatially adaptive strategies are complementary.
The former addresses inter-block imbalance, while the latter tackles intra-block
stiffness. They can therefore be combined, yielding the following condition
number:

n(@(”) ~ max(ném, H(F)) < max(n(m, H(F)).

Numerical Example #7: Convergence of GD with adaptive weights.
We illustrate the analysis of Section Aon a small numerical example with
two loss components, the PDE residual R and a boundary term Rp, with
corresponding weights vq and yp. Following the block-NTK structure of Equa-
tion , we assume that the per-component NTK blocks have spectra

A(®gq) = diag(0.1, 0.04, 0.02, 0.01),  A(Orr) = diag(10, 5),

so that the within-block condition numbers are £() = 10 and (™) = 2. The
boundary block Orr thus has eigenvalues two to three orders of magnitude larger
than the residual block ©qq. This situation commonly occurs while training
PINNS, since the boundary functional is often much better conditioned than the
differential operator.

To show the dynamics induced by these spectra, we run GD on the auxiliary
quadratic function

f0) = 50007707 (06, (35)

unique minimizer of which is 8*. The Hessian of is exactly the weighted
NTK ©(). Letting e, := 6; — #* denote the iteration error and using the
optimal constant step size for quadratic minimization [86, Section 3.2] a =
2/()\max(6(7)) + )\min(G(V))), the GD iteration Ox11 = 0 — a V f(0y) yields the
following estimates for the error reduction and convergence rate:

b _ K(@(V)) —1
||€kH/||€0|| < P P = W (36)

Using the convergence metrics , we now compare the expected conver-
gence behavior of GD under three weighting strategies: uniform weights (U),
GN balancing, and a combined approach pairing GN with spatially adaptive
weighting (GN+SA).

Uniform (U) weights (7o = 70 = 1): The composite spectrum of (") is
the union of the two block spectra, i.e.,

10
A(©M) = {10, 5, 0.1, 0.04, 0.02, 0.01}, and  k(00)) = Gop = 1000.

The boundary block dominates while the residual block is essentially frozen.
From , the contraction factor is p =~ 0.998, GD thus requires approximately
1,000 iterations to reduce the error by a factor of ten.
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GN balancing (v =1, yr = 0.01): GN drives the weights toward m,\EﬁQx ~

’}/[‘Ag;ézx, i.e., 70 =~ 0.01. The composite spectrum then becomes

A(60)) = {0.1, 0.1, 0.05, 0.04, 0.02, 0.01}, and &(60N)) = 0%1 = 10.
Hence, the condition number is reduced by two orders of magnitude and matches
exactly max(ﬁ(ﬂ), Ii(r)) = 10, confirming the prediction that GN collapses the
overall conditioning to the worst within-block stiffness. The contraction factor
improves to p ~ 9/11 ~ 0.818, so that only about 12 GD iterations suffice to
reduce the error by an order of magnitude.

GN with spatially adaptive weighting (GN+SA): On top of the inter-
block balance, considered in the previous paragraph, we now apply spatially
adaptive weights within the residual block. After such a rescaling, the residual
block spectrum is compressed, e.g., from {0.1, 0.04, 0.02, 0.01} to a more uni-
form {0.1, 0.06, 0.05, 0.04}, so that the within-block condition number drops to
H(éQQ) ~ 2.5. The overall condition number then satisfies

/i(@h)) ~ max(fﬁ(égg), /Q(F)) ~ 2.5.

As a consequence, only around 3 iterations are needed to obtain the same tenfold
error reduction.

Figure[7.1] visualizes the same experiment. The left panel shows the GD error
llex|l/lleol| on the auxiliary quadratic (3F)), for the three strategies. The empirical
curves match theoretical rates closely, and the order-of-magnitude reduction in
iteration count predicted by the analysis is clearly visible. The right panel
displays the composite NTK spectrum for each strategy. As we can see, GN
collapses the inter-block gap, while SA weighting additionally compresses the
residual block toward a more uniform spectrum.

U — GN — GN+SA ORI

10~1! \ GN+SA |- «» .

=
Q
= GN| o 0o @& & |
= 1074 B
=
Ure o @ o -
10—7 | | | | R 1 I M A 1
0 200 400 600 800 1,000 10—2 101t 100 10t

# iterations Ai

Figure 7.1: Effect of U, GN, and GN+SA strategies on the convergence of GD.
Left: Relative GD error |lex||/|eoll, with e := 0 — 6*, as a function of the
iteration number. Right: Eigenvalues of ©(") at initialization, with residual-
block eigenvalues marked by circles and boundary-block eigenvalues by squares.
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Numerical Example #8: Loss balancing in practice. Building on the
insights from the synthetic quadratic experiment of Numerical Example [f£7] we
now examine how the different weighting strategies perform in practical PINN
training. More precisely, we consider the one-dimensional diffusion equation,
given as

U = Upy + e (7? — 1) sin(mz), (z,t) € (—1,1) x (0,1), (37)

with homogeneous Dirichlet conditions w(+1,f) = 0 and initial condition
u(z,0) = sin(mz), whose manufactured exact solution is u*(z,t) = sin(rz)e".
The PINN is an MLP with 4 hidden layers of width 32, and tanh activation func-
tions. We utilize 256 residual collocation points and 80 initial and 80 boundary
points. Training is performed using the full-batch Adam with learning rate 10=3
for 5,000 iterations. Boundary and initial conditions are enforced softly, so the
loss has the three terms, i.e., R, = voRq + vicRic + vBcRBe.

def comp_losses(model, xt_pde, xt_ic, xt_bc, xi=Nomne):
# Computes per-component losses (R_Omega, R_IC, R_BC)
# Inputs zt_pde, zt_ic, zi_bc are collocation points for residual, IC
and BC
# Argument “zi’ is a per-point weight vector on the residual collocation
set;
# If None is provided, then the residual term is plain mean-square,
i.e., zi_j = 1

# Evaluate residual loss
r = residual (model, xt_pde).squeeze()
if xi is Nonme:
L_pde = (r ** 2).mean()
else:
L_pde = (xi.detach() * r ** 2).mean()

# Evaluate IC loss

u_ic_pred = model(xt_ic).squeeze()
u_ic_true = torch.sin(PI * xt_ic[:, 0])

L_ic = ((u_ic_pred - u_ic_true) ** 2).mean()

# Evaluate BC loss
L_bc = (model(xt_bc) ** 2).mean()
return L_pde, L_ic, L_bc

def gradnorm_targets(model, xt_pde, xt_ic, xt_bc, xi=None):
# Return the target weights based on GN rule
params = [p for p in model.parameters() if p.requires_grad]
Lp, Li, Lb = comp_losses(model, xt_pde, xt_ic, xt_bc, xi=xi)
gp = grad_norm(Lp, params)
gi = grad_norm(Li, params)
gb = grad_norm(Lb, params)
gmax = max(gp, gi, gb) + 1e-30
return {'pde': gmax / (gp + 1e-30),
'ic': gmax / (gi + 1e-30),
'bc': gmax / (gb + 1e-30)}, (gp, gi, gb)

98



def rba_target(model, xt_pde, beta=1.0):
# Return the residual-based per-point weights based on size of residual
r = residual(model, xt_pde).detach().abs().squeeze()
rb = r.pow(beta)
return r.shape[0] * rb / (rb.sum() + 1e-30)

Code snippet 14: Example of computing weights for loss balancing strategies.

opt = optim.Adam(model.parameters(), lr=1r)

gamma = {'pde': 1.0, 'ic': 1.0, 'bc': 1.0}

xi = torch.ones(xt_pde.shape[0])

xi_snaps = [(0, xi.detach().cpu().numpy().copy())]

for k in range(iters):
# Weight updates every gn_every iterations
# Update z%i using SA/RBA first so the subsequent GradNorm target
sees it
if strategy == 'gn_sa' and (k + 1) xi_new = rba_target (model,
xt_pde, beta=rba_beta)
# Smoothing to deal with oscillatory residuals during the
initial phase of training
xi = (1 - gn_alpha) * xi + gn_alpha * xi_new
xi_snaps.append((k + 1, xi.detach().cpu().numpy().copy()))
if strategy in ('gn', 'gn_sa') and (k + 1) xi_used = xi if strategy
== 'gn_sa' else None
tgt, _ = gradnorm_targets(model, xt_pde, xt_ic, xt_bc,
xi=xi_used)
for kk in gamma:
gamma[kk] = (1 - gn_alpha) * gamma[kk] + gn_alpha * tgt[kk]

opt.zero_grad()

xi_used = xi if strategy == 'gn_sa' else None

Lp, Li, Lb = comp_losses(model, xt_pde, xt_ic, xt_bc, xi=xi_used)
total = gammal['pde'] * Lp + gamma['ic'] * Li + gamma['bc'] * Lb
total.backward()

opt.step()

Code snippet 15: Snippet of training loop with adaptive loss scaling.

We now compare the performance of three weighting strategies discussed
earlier in this section: U, GN, and GN+SA (§; o |rg(z;)|?, B = 1). An exam-
ple of their implementation can be found in Code snippets [I4] and [I5] GN and
GN-+SA adaptive schemes update weights every 100 Adam iterations. For all
three strategies, Figure reports the per-component gradient norms ||VyR;|],
where j = {Q,IC, BC}. As we can see, with uniform weights, ||VyRg| dom-
inates the composite gradient, especially during the second half of the train-
ing. Utilizing GN weighting, the residual norms have a more comparable scale,
which allows for more uniform residual reduction across all iterations. The
GN+SA approach takes this a step further by addressing both inter-block and
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intra-block imbalance simultaneously. In particular, by upweighting collocation
points where the residual is currently large, it compresses the intra-block spec-
trum while sharpening the inter-block balance, allowing for a more substantial
reduction of the IC/BC gradients.

VoRpc
101 T T \ T
@ 1071 L_,N SIS k \
> Minaadal \—w\/\
= 3| | inn /\.4\7
| | | | | |
0 2,000 4,000 0 2,000 4,000 0 2,000 4,000
# iterations # iterations # iterations

Figure 7.2: Per-component gradient norms during Adam training of the diffusion
PINN model. The results for three different weighting strategies are reported:
U, GN, and GN+SA (from left to right).

The improvement in the optimization directly translates into a reduction in
the test error. To observe this, Figure reports the relative L? test error
lhe, — u*|lr2 /||u*|lz2 as a function of the Adam iteration. As we can see,
using weighting strategies not only allows for faster error reduction but also for
achieving lower overall error. Compared to the quadratic analysis of Numerical
Example [£7], which predicted a reduction in the condition number by two orders
of magnitude, the practical gains are more modest. This is due to the fact
that the NTK evolves throughout training, the block-diagonal structure is only
approximate, and Adam’s adaptive step sizes partially compensate for gradient
imbalance even under uniform weights. Nevertheless, the qualitative ranking of
the three strategies is preserved, confirming that the NTK conditioning analysis
provides a useful predictor of practical training behavior.
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Figure 7.3: Relative L? test error of the diffusion PINN against the manufac-
tured solution v* during Adam training with different loss weighting strategies.
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Key Takeaways

In SciML, the loss function is often composed of multiple heterogeneous
terms that encode different regularizations, physical constraints, and
data. This is especially prevalent in PINNs, where PDE residuals, initial
conditions, boundary conditions, and optional data terms must all be
satisfied simultaneously. The loss terms typically differ in magnitude by
several orders of magnitude. Treating them with equal weights produces
a severely ill-conditioned optimization problem in which the gradient of
the dominant term monopolizes the rest, so part of the loss is effectively
never minimized. Loss-balancing strategies reweight the terms during
training to keep gradient contributions comparably scaled. The result-
ing well-balanced loss yields a much better-conditioned empirical NTK,
leading to faster convergence.

8 Input embeddings and multiscale architectures

Recall from Section that standard DNNs often exhibit strong spectral bias.
As a result, the eigenvalues of the empirical NTK ©j can decay rapidly with
frequency, so high-frequency components of the residual contract slowly, at a
rate (1 — a);)* with \; < Amax, and may effectively stagnate during training.

The strategies discussed in this section aim to mitigate spectral bias before
the optimizer is applied by reshaping the eigenstructure of ©y. The goal is to
flatten the NTK spectrum, or at least to shift the relevant frequency range of the
target function into the well-conditioned part of ©;. We illustrate this idea with
two concrete examples: Fourier feature (FF) embeddings [I1I] and multiscale
network architectures [I122]. From the preconditioning viewpoint adopted in
Section [3.1] FF embeddings act in data space by transforming the inputs before
they enter the network, whereas multiscale architectures act in function space
by changing the function representation itself.

8.1 Fourier feature embeddings

FF embeddings were developed based on the observation that spectral bias
originates in the input layer [ITI]. In particular, the first layer ¢ (x) = o(Wiz+
b1), with random initialization Wy ~ G(0,0%,), maps low-dimensional inputs
to a narrow band of frequencies determined by oy,. The subsequent layers,
therefore, cannot create frequencies that are not already present at the input,
and the resulting NTK has rapidly decaying eigenvalues at high frequencies,
irrespective of network depth or width.

The FF embeddings address this limitation by replacing the raw input x €
R? with the explicit sinusoidal encoding

- (S8 exonr
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Here, B € R™#*4 is a frequency matrix whose rows by, ...,b,,, are sampled
from a fixed distribution, typically b; ~ N(0,0%1), and mp is the number of
Fourier features. The network then operates on the lifted representation, i.e.,

h@ (CL’) = DNN@ ((I)(CL')) (39)

Frequency components up to the scale o g are therefore injected into the network.
Code snippet [16] provides an example of a PyTorch implementation of an MLP
with Fourier feature embeddings.

d-dim cos(2m Bx) 2m p-dim
x A — s D(x) = | . —  hg(x
zER (&) Lm(QﬂBai) DNN o(z)
BeRrmF*4 B K G(0,02) standard DNN on R2™!

j

Figure 8.1: FF architecture. The input x € R? is first mapped to a 2mp-
dimensional vector of cosine and sine features by a fized random matrix B.
A DNN then operates on this lifted representation. The embedding explicitly
injects sinusoids up to frequency ~ op.

class FF_MLP(nn.Module) :

# MLP with Fourier-features

# Matriz B ~ N(0, sigma_B~2 I) is fized at initialization

def __init__(self, sigma_B, m_F=M_F):
super () .__init__Q)
# Sample values of B
B = torch.randn(m_F, 1) * float(sigma_B)
self.register_buffer('B', B)
# MLP can be any network, but with increased input dimension
self.core = MLP(in_dim=2 * m_F)

def embed(self, x):

Bx = 2.0 * float(np.pi) * x @ self.B.t()

return torch.cat([torch.cos(Bx), torch.sin(Bx)], dim=1)
def forward(self, x):

# Embedding transforms input before passing it through MLP
return self.core(self.embed(x))

Code snippet 16: Example of implementation of an MLP with Fourier features.

8.1.1 NTK of a FF network

FF embeddings transform the NTK into a kernel that can represent frequencies
up to the scale o without the strong low-frequency bias exhibited by standard
NTKs. To understand this phenomenon, we first show that the NTK depends
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on z only through ®(x). In particular, for hg(2) = DNNy(®(x)), the embedding
® does not depend on the network parameters 6, so the parameter gradient is
just the DNN’s parameter gradient evaluated with ®(z), and the NTK is the
DNN’s NTK evaluated at the embedded points:

@Fp(x,l‘/) = @DNN(fb(x), @(m’)).

A standard result for wide MLPs with random isotropic weights is that
Opnn(2,2’) depends on the two inputs only through their dot product z 'z’
and their norms [47]. For FFs, the norm is fixed, since

mg
0% = 3 (cos?(2nb] z) + sin®(2nb] 2)) = mr,
f=1

so the only quantity that varies is ®(z) T ®(2’). In other words, the FF network’s
NTK is fully determined by the inner products ®(z)'®(z’), which we now
evaluate explicitly.

Using the relation cosacosb + sinasinb = cos(a — b), a direct compu-
tation gives ®(z)' ®(z') = Z;F:Fl cos(2wby(z — 2’)). With large mp and
by ~ N(0,0%I), the law of large numbers replaces the empirical average by
its expectation, yielding a Gaussian kernel via the standard random-features
identity [94]:

mi ®(z) " ®(2') ~ Ep[cos(2nb(z —2'))] = exp(—27° 0 ||z —2'|?).
F

In the infinite-width limit, it follows that the NTK of DNN with FF is a

Gaussian kernel

Orr(z,2") o« exp(—271'2 op |z —2'|?),

whose bandwidth is controlled directly by op [I1I]. The eigenvalues of any
translation-invariant kernel are given by the Fourier transform of its profile [94],
so for Opp they decay as a Gaussian centered at zero frequency. More precisely,
denoting by w € R? the spatial frequency variable, the eigenvalues satisfy
FF 2
A, exp(—%). (40)
Thus, inside the band ||w| < op, the Gaussian profile is nearly flat. To see this,

we substitute |lw|| = op in ([40). The ratio of the eigenvalue at the band edge
lw|| = op to the eigenvalue at zero frequency w = 0 is therefore

AT exp(—ob/20)
AE exp(0)

=exp(—1/2) = 0.6.

As a consequence, all frequencies within the band |jw|| < op have eigenvalues of
comparable magnitude and no frequency is favored over another. Outside the
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band ||w|| > op, eigenvalues decay rapidly as exp(—||w||?/20%), so modes far
from the band are effectively invisible to the optimizer.

The appropriate choice of bandwidth op is crucial in practice. If op is too
small, the DNN with FF encodings behaves almost like a standard DNN, and
high-frequency components remain hard to learn. If og is too large, the model
may over-emphasize high frequencies at the expense of large-scale structure.
Setting o to match the highest frequency present in the target ensures that
every relevant mode lies in the well-conditioned part of the spectrum. The effec-
tive condition number of the NTK on that band drops from O(e“™=x) to O(1).
In this sense, the Fourier feature embedding acts as a spectral preconditioner
of the NTK in data space. In practice, og should be chosen on the order of
the largest relevant frequency in the target, informed by prior knowledge of the
target or a short hyper-parameter sweep.

8.2 Multiscale architectures

FF embeddings require knowing op in advance. Moreover, a single bandwidth
often struggles to simultaneously resolve features at very different scales. Mul-
tiscale architectures address both limitations by employing parallel subnetworks
operating at different frequency scales [122]. Each subnetwork ¢ = 1,...,Q
applies a FF map ®,,  at its own scale and feeds the transformed input fea-
tures through a given subnetwork. The subnetwork outputs are then linearly
combined as

hg(x) = WOut [yl(x)’ y2($); s yQ($)] + bouta
yq(x) = DNNq(fIJUq (x)), g=1,...,Q,

see Figure for an example of such architecture. The frequency scales satisfy
o1 < 02 < --- < 0g and are chosen to cover the frequency range of the target
solution. Each subnetwork acts as a frequency specialist, i.e., g-th subnetwork
captures features with frequencies of order o4, and the final linear layer com-
bines outputs of all subnetworks. The advantage over a single Fourier-feature
network is that each subnetwork operates in a well-conditioned regime. Its o,
matches its target frequency band, thereby avoiding tension between low and
high frequencies within a single network.

Code snippet [I7] provides an example of a PyTorch implementation of the
multiscale architecture with () parallel subnetworks.

(41)

class MultiscaleFF(nn.Module):
# ( parallel FF subnetworks with bandwidths “sigmas’, combined by a
linear layer
# Each subnetwork: FF(sigma_q) + MLP -> R~{width}
def __init__(self, sigmas, m_F=M_F, width=WIDTH, depth=DEPTH):
super () .__init__Q)
self.Q = len(sigmas) # Number of subnetworks
self.subnetworks = nn.ModuleList ()
for s in sigmas:
# Generation of a fized embedding matrixz with particular sigma
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Figure 8.2: Multiscale architecture with () = 3 parallel subnetworks, each apply-
ing a Fourier feature map ®,, at a different scale o1 < 09 < 03. The subnetwork
outputs are concatenated and fused by a final linear layer.

B = torch.randn(m_F, 1) * float(s)
# Each subnetwork is MLP with a specific FF embeddings
subnetwork = nn.Module()
subnetwork.B = nn.Parameter(B, requires_grad=False)
layers = [nn.Linear(2 * m_F, width), nn.Tanh()]
for _ in range(depth - 1):

layers += [nn.Linear(width, width), nn.Tanh()]
subnetwork.mlp = nn.Sequential(*¥layers)
self.subnetworks.append (subnetwork)

# The last layer used for concatenation of subnetworks outputs
self.head = nn.Linear(self.Q * width, 1)

def forward(self, x):
feats = []
# Forward propagation ts carried out through all subnetworks
for br in self.subnetworks:
# Each subnetwork is using specific FF encoding
Bx = 2.0 * float(np.pi) * x @ br.B.t()
phi = torch.cat([torch.cos(Bx), torch.sin(Bx)], dim=1)
feats.append(br.mlp(phi))
cat = torch.cat(feats, dim=1)
# Head is combining outputs of all subnetworks
return self.head(cat)

Code snippet 17: Example of multiscale architecture with Q parallel
subnetworks.

8.2.1 NTK of multiscale networks

The preconditioning mechanism behind the multiscale networks architectures
becomes transparent in the NTK regime. While FFs reshape © into a kernel
concentrated at a chosen frequency band, the multiscale architecture factors it
into independently conditioned bands. Both are concrete instances of spectral
preconditioning, the first acting on the input (data-space) and the second on the
function representation (function-space). Their effectiveness in PINN training
has been demonstrated on a wide range of stiff and oscillatory benchmarks [122]
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111].

Because the ) subnetworks share no parameters apart from the output
weights Wiy, the empirical NTK of admits an approximate block de-
composition, with cross-block coupling entering only through Wy, i.e.,

Q
Oms—rr(z,7') & Y [wyll3 Orr, o, (x,2),

q=1

where w, € R™idth denotes the ¢-th block of the output weight vector Wy €
R@Width “corresponding to the contribution of the ¢g-th subnetwork to the scalar
output. Moreover, O, oq denotes a single-scale FF kernel at bandwidth o,.
Neglecting the cross-block coupling, this gives the following condition number
for @MS—FF:

K(OMs—Fr) ~ ax, k(OFF, o, )-

Hence, k(Oms_rr) is bounded by the worst-conditioned single subnetwork.
Since each o, is matched to its target frequency band, each within-band
NTK Opr,, is well-conditioned, i.e., k(Orr,.,) ~ O(1), and consequently
K(Oms—rr) &~ O(1) as well. Consequently, the overall conditioning is governed
by these favorable within-band condition numbers, rather than by the large con-
dition number induced by spanning all frequencies at once. Thus, stratifying
the network across scales effectively replaces a single ill-conditioned NTK with
a collection of well-conditioned blocks, one per frequency band.

Numerical Example #9: Fourier features and multiscale architec-
tures.

To make the spectrum-reshaping mechanism of Sections[8.1H8.2] concrete, we
revisit the spectral-bias setup of Numerical Example with a multi-frequency
target, given as

u*(x) = 0.7 sin(27z) + 0.5 sin(4dwx) + 0.3 sin(8wz).

We train a small MLP (three hidden layers of width 64, tanh activations)
to fit the target function under different input encodings. We consider the
following architectures: i) a plain MLP operating on raw inputs z € R; ii) an
MLP with FF embeddings with mp = 32 and bandwidths op € {2,4,8};
iii) a multiscale FF network (MS-FF) with three parallel subnetworks with the
bandwidths o5 € {2,4,8}. All networks are trained on N = 1,024 points
sampled uniformly in [0, 1] using Adam for 20,000 iterations.

As we can see from Figure [8.3| on the left, the plain-MLP NTK spectrum
decays sharply. In MLPs with FF embeddings, FFs inject a fixed band of fre-
quencies and roughly flatten the spectrum within that band. The bandwidth
op directly controls which frequencies are emphasized. MS-FF concatenates the
three bands and, in turn, gives rise to the smallest condition number x(©), see
Table [

Figure on the right, and Table [1] also demonstrate that MS-FF matches
the best single-FF in L? error. Its three subnetworks partition the active band,
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so the result is dominated by within-band conditioning rather than the global
frequency range. Here, we emphasize that the benefit of using MS-FF is not that
it always beats the best matched single-FF (it does not, and on this target FF
op = 4 is essentially tied with it). Rather, it is a safe choice when the target’s
active band (the range of spatial frequencies that significantly contribute to the
solution u*(x)) is unknown a priori. Note that every other single-FF in the
table is worse than MS-FF on the considered target.

Architecture L? error Kk(Of) at k=0
MLP 9.58 x 1074 1.4 x 10
FF, o5 =2 9.99 x 107 2.5 x 1010
FF,op =4 5.54 x 1073 1.4 x 100
FF, o =8 1.62 x 10~* 3.0 x 108

MS-FF o5 = {2,4,8} 559x10°5 3.0 x 107

Table 1: L? error and condition number of the empirical NTK at initialization.

MLP FF (o0p=2) FF (05 =4) FF (05 =8) MS-FF (o5 = {2,4,8})

103 T T T T T T N 109 g
= S 102 | a
<) g |
= 1073 e
10—4 ! -;
10_9* I e e I e — | | |
109 10! 102 0 0.5 1 1.5 2

index # iterations -10%

Figure 8.3: Left: Empirical NTK eigenvalue spectrum at initialization. Right:
L? error of hy, against the target u* during training. Plain MLP plateaus
at ~ 1072, while the FF and MS-FF networks enable convergence to a more
accurate solution.

Key Takeaways

Solving PDEs with sharp features, oscillatory solutions, and multiscale
physics is particularly challenging due to spectral bias: DNNs tend to
learn low-frequency content first, while high-frequency components are
learned significantly more slowly. This occurs because the eigenvalues of

67



the empirical NTK decay rapidly with the frequency of the target func-
tion. Both FF embeddings and multiscale network architectures miti-
gate this difficulty by acting as spectral preconditioners. FF embeddings
act as a data-space preconditioner, reshaping the NTK’s spectrum by
transforming the input data. Multiscale architectures act as a function-
space preconditioner, reshaping the spectrum further by partitioning the
frequency range across independent subnetworks. In both cases, the ob-
jective is to align the relevant frequencies with the well-conditioned part
of the NTK spectrum, thereby reducing the effective condition number
and accelerating convergence.

9 Sampling and mini-batching strategies for
PINNs

The approximation quality of PINNs depends crucially on how collocation points
are sampled (discretization error) and how mini-batches are constructed during
stochastic optimization process (mini-batch sampling error). Although largely
orthogonal, both reshape the spectrum of the empirical NTK and therefore
influence the convergence of the underlying optimizer. From the preconditioning
viewpoint of Section [3.I] the collocation point sampling strategies discussed in
this section act as data-space preconditioners that reshape the effective NTK
spectrum.

9.1 Choice of collocation points

As discussed in Section PINNSs enforce the PDE residual and boundary
conditions only at a finite set of collocation points, so the resulting optimiza-
tion problem is intrinsically determined by the sampling strategy. Recall from
Section [3.2] that each collocation point contributes a rank-one term to the em-
pirical NTK, given as O, = L > oie1 Voho, (25) Vohe, (z;) T, so the distribution
of collocation points directly shapes its spectrum.

Undersampling relevant regions (e.g., boundary layers or sharp interfaces)
leaves the associated Jacobian directions poorly represented, leading to small or
vanishing eigenvalues of the NTK. Conversely, oversampling smoother regions
concentrates the spectrum in a few dominant directions. Thus, both effects
inflate k(O), resulting in ill-conditioning. The sampling distribution, therefore,
directly controls the spectral properties of the NTK and, by extension, the
difficulty of solving the optimization problem. Even with a fixed architecture,
convergence can vary dramatically depending solely on the choice of collocation
points. The design of the collocation set is thus not only a modeling choice, but
also a key optimization parameter, particularly in problems with strong spatial
heterogeneity.
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9.1.1 Adaptive choice of collocation points

A practical way to mitigate NTK/Hessian ill-conditioning caused by poor sam-
pling is to adaptively relocate or enrich the collocation set in regions identified
as problematic. This approach is closely related to adaptive mesh refinement in
classical numerical methods for PDEs [115].

In practice, adaptive resampling of collocation points is performed every T
iterations, after which training resumes from the current parameters 6, creating

a feedback loop between optimization and sampling. At each refinement step
Dg-‘rl) _ {x(ﬂ H‘l)}msz

t+ 1, a new collocation set ]

from the distribution with density

is constructed by sampling

(t+1) () — (n(t+1)($)>6
pl Y (z) = fﬂ(n(t“)(i))ﬁdf, (42)

where n(t+1) (x) is a user-specified indicator function, for example, the pointwise
PDE residual |rg(z)|, with rg(z) defined in (8). The parameter 3 > 0 controls
the sharpness of the sampling distribution. Larger values of 8 concentrate new
points in regions where n(**1) is large, while smaller values promote broader
exploration of the domain.

This adaptive sampling strategy can be interpreted as importance sam-
pling for the residual empirical risk. By weighting each collocation point with
ﬁ, we obtain an unbiased estimator [83] of the continuous residual integral

fQ ’N ho)(x ’ dPq(x), given as

R S S @) (@
R (0) = mg;p(tﬂ ) [N ha) ) — alaf™)]. (43)

Conditioning of the NTK From a spectral viewpoint, adaptive sampling
improves the conditioning of the empirical NTK/Hessian. Recall from Sec-
tion that the NTK is defined as a sum of positive semidefinite rank-one
terms, i.e., O = % Z;nzl JijT, where m denotes the number of collocation
points and J; := J(x;).

Adding a new collocation point yields

_m_gm 1
m+1 m+1
Now, let A := -2200™) and B := ;15Jm1J) 44, so that O = A4+ B

with B > 0. By Weyl’s inequality for Hermitian matrices [44, Theorem 4.3.1],
it follows that

Qlm+1) — ——Jm 1JT+17 Jm+1JnTL+1 =0

Therefore,

A (OMHD) > ,\i<m@<m>) = M n©™y>0, i=1,...,n
m—+1



Hence, in practice, when the new Jacobian J,,+; introduces a direction not yet
represented in {J(x;)}7L, the smallest eigenvalue Amin (©(™)) increases sharply,
while )\max(@(m)) is nearly unaffected. To understand why, we therefore as-
sume that the new direction is approximately aligned with the eigenvector qmin
associated with )\min(@(m)), i.e., with the direction that is most deficient in the
current Jacobian span. By applying the standard first-order perturbation for-
mula for symmetric matrices [44, Section 6.3], the shift in each eigenvalue \;

satisfies

Mmooy, L T 2
m+1/\l(® )er—l—l(% Jm+1) (44)

(@) ~
For Anin, the product anJmH is large by assumption, so the correction term
dominates and Ay, increases sharply. For Apax, however, the leading eigen-
vector gmax corresponds to directions already well-represented in the existing
Jacobian. Since J,,+1 was selected for its novelty, it is nearly orthogonal to
Qmax; 1-€., qr—gaXJmH ~ 0. The correction term q;ameH is therefore negligible,
and Apax is increased only by the mild rescaling factor mLH, leaving Apax nearly
unchanged for large m.

Since the smallest eigenvalue )\min(@(m)) increases sharply, while )\max(@(m))
is nearly unaffected, the condition number x(©(™)) is improved. Geometrically,
the quadratic form 6T ©(™@ determines the level sets of the loss landscape.
Improving H(@(m)) corresponds to making these level sets more isotropic, which
in turn permits larger stable step sizes and faster convergence of the GD method.

9.1.2 Example: Adaptive Sampling for 1D Poisson problem

To illustrate how adaptive sampling can improve conditioning, we con-
sider the one-dimensional Poisson problem on ©Q = (0,1), given as
—u"(x) = g(z), u(0) =u(l) = 0, with a localized forcing term

g(z) =10 e—lOO(w—0.9)27

which induces sharp gradients in the solution near z ~ 0.9.
We approximate the solution by a simple two-parameter surrogate,

h(z;0) = 01 ¢1(z) + 02 P2(x), ¢1(z) = z(1 —z), pa(x) = 2*(1 — ).
The residual and its Jacobian with respect to the parameters 6 are given by
—¢1(x)

—¢5(x)|

The NTK is defined as (™) = L 27:1 J(x;)J(x;) ", where m denotes the num-
ber of collocation points.

r(z;0) = —h"(z;0) — g(z),  J(x) = Vor(z;0) = l

Uniform sampling Let the collocation points be uniformly spaced as

z; € {0.1,0.3,0.5, 0.7, 0.9}.
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Most of these points lie in regions where g(z) and r(z) are small, result-
ing in Jacobians that are nearly collinear. Consequently, the resulting NTK,
e6) = %Z?Zl J(a:j)J(xj)T, has eigenvalues Ay ~ 4.1 and Ay, &~ 0.02, yield-

ing a condition number x(©(®))~200.

Adaptive refinement Now, let us suppose that a residual-based sampling
identifies the high-error region near x ~ 0.9 and enriches the collocation set to

z; € {0.1, 0.3, 0.5, 0.7, 0.85, 0.9, 0.95},

as illustrated in Figure [9.1} The additional points contribute Jacobian direc-
tions aligned with the localized feature in g(x). The refined NTK, ©(7) =
% 2]7-:1 J(xj)J(xj)T, exhibits Apax =~ 4.0 and Ay, = 0.30, in turn reducing the
condition number to x(©(7)~13. Note that the smallest eigenvalue increases
significantly, while the largest remains nearly unchanged.

Fw) |

Adaptive refinement (7 pt.s)_//\ Hs (uniform)

0 1 Q
Uniform sampling (5 pts)

Hr (adaptive)

Figure 9.1: Left: Domain Q = (0, 1) with localized forcing near  ~ 0.9. Uniform
sampling is depicted in orange, while adaptive refinement is depicted in blue.
Right: Level sets of 0" H,,0 = 1 with H,, := H(z,,) become more isotropic
after refinement, reflecting improved conditioning.

9.1.3 Examples of practical refinement strategies

We now briefly review two refinement strategies commonly used in practice [125].
Both strategies utilize the indicator function ™ (x) = |re(x)|, and are specified
as follows:

e RAD (Residual-based Adaptive Distribution): Every T iterations, the en-
tire collocation set Dg ) is redrawn from

[ro ()|

(t+1)
p T (x) o
Epnvi(o)llro()|?]

+ ¢,

where 5 > 0 controls how aggressively the density concentrates on high-
residual regions and ¢ > 0 adds a uniform floor that preserves exploration.
As the collocation points are completely redrawn, the budget of mq col-
location points is held fixed across all refinement steps. Note that this
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sampling strategy is stochastic, and when combined with the importance

weights 1/ p(t“)(xg»g)) in Rg, it yields an unbiased estimator (&3).

e RAR-G (Residual-based Adaptive Refinement - Greedy): This approach
corresponds to taking the limit 5 — oo in (42]). More precisely, every T
iterations, the residual |rg(x)| is evaluated on a dense pool of candidates
drawn from Q. The ¢ points with the largest |r¢(x)| are then appended to
Dg), yielding DSH) = Dg) U {xmg>+1, ... ,xmg>+q} and mSH) = mg) +
q. In this case, the collocation set grows monotonically, hence the name
greedy. By the Weyl inequality, each appended J (2, +5)J (i) T to ©™)
can only increase the eigenvalues of ©("™) associated with the largest gain
along the worst-residual direction. Since the points are selected greedily
rather than by importance sampling, the resulting estimator of Rq is
therefore biased toward high-residual regions.

Code snippet [I§ provides an example of implementing the RAD and RAR-
G sampling strategies in Python. For more advanced indicators and adaptive

schemes, we refer to [125, [110].

def rar_g_select(model, k, pool=10000):
# Greedy top-k: pick the candidates with the largest [residuall/
cand = sample_uniform(pool) # Sample candidate pool of samples
r = residual(model, cand).detach().abs().squeeze() # Evaluate residual
idx = torch.topk(r, k=k).indices
return cand[idx] # Return points with top-k largest residual

def rad_select(model, m, pool=10000, k_exp=1.0, c=1.0):
# Importance sampling: draw m points without replacement from
# p(z) proportional to [r(z)/ k_exp / mean(/r/ k_ezp) + c
cand = sample_uniform(pool) # Sample candidate pool of samples
r = residual(model, cand).detach().abs().squeeze() # Evaluate residual
rk = r.pow(k_exp)
p = rk / (rk.mean() + 1e-30) + c
p=p / p.sum() # Construct distribution density
# Sample m points using distribution $p$
idx = torch.multinomial(p, m, replacement=False)
return cand[idx] # Return points chosen by importance sampling

# Inside the training loop, we use adaptive sampling strategy every
resample_every steps
if (k + 1) if  strategy == 'rar':
# Ezpand the existent set of collocation points
xt = torch.cat([xt, rar_g_select(model, n_add=1)], 0).detach()
elif strategy == 'rad':
# Replace the existent set of collocation points
xt = rad_select(model, m=N_RAD).detach()

Code snippet 18: Example of residual-based adaptive sampling strategies (RAR-
G and RAD). Every resample_freq iterations, RAR-G appends one new point
to the dataset D while RAD redraws a whole new dataset.
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Numerical Example #10: Adaptive sampling on a 1D diffusion
PINN. The toy example discussed in Section [9.1.2] is intentionally low-
dimensional: with only two parameters and a hand-picked feature near x~0.9,
the conditioning argument is essentially algebraic. We now repeat the same
comparison using PINN, trained to approximate the solution of the same one-
dimensional time-dependent diffusion problem as considered in Numerical Ex-
ample Thus, we consider the following problem:

Up = Upy +e (72 — 1) sin(mz), (z,t) € (—1,1) x (0,1),

with w(£1,t) = 0, w(z,0) = sin(nz) and manufactured exact solution
u*(z,t) = sin(rz) e~t. The setup follows [125, Section 3.2|: a tanh-MLP with 4
hidden layers of width 32, trained by full-batch Adam (learning rate 10~2), with
80 initial-condition points and 80 boundary-condition points held fixed during
training.

We compare three strategies for constructing the residual collocation set.
Uniform sampling uses mgq = 30 collocation points drawn once at ¢ = 0. We
also consider the RAR-G and RAD strategies described above with an update
interval of 1,000 iterations. All three runs use the same network initialization
and the same initial 30 interior collocation points.

Figurereports the relative L? test error with respect to the manufactured
solution u*. Three approaches behave identically until iteration 1,000, since no
refinement has yet been triggered. After approximately 2,000 iterations, Adam
with uniform sampling plateaus, since with only 30 fixed collocation points, the
residual loss has already been minimized along the directions spanned by the
corresponding Jacobians, and Adam can no longer extract additional signal.

In contrast, RAR-G continues to make progress because each refinement
step adds a collocation point whose Jacobian is aligned with the largest-residual
direction, expanding the lower end of the empirical NTK spectrum via a rank-
one update. For RAD, the entire set of collocation points is refreshed every 1,000
iterations, so the empirical NTK is continually enriched with new directions
throughout training.

9.2 Mini-batch sampling

Having discussed how the global set of collocation points should be chosen, we
now turn to a finer question: how should subsets of these points be selected at
each iteration of the stochastic optimization process? As discussed in Section [4]
SGD relies on stochastic gradient estimates computed using mini-batches. For
classical ML tasks with i.i.d. data, these mini-batch gradients provide an unbi-
ased estimator of the full gradient, with variance controlled by the batch size. In
PINNs, however, selecting informative and stable mini-batches is substantially
more delicate, for several reasons:

1. Non-i.i.d. sampling: When collocation points are generated using struc-
tured sampling strategies such as quasi-Monte Carlo or adaptive schemes,
the samples are no longer independent. As a consequence, classical
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Figure 9.2: Relative L? test error of the PINN solution with respect to the
exact solution w* during Adam training. Uniform sampling is compared with
the adaptive RAR-G and RAD sampling approaches.

variance-based analyses of SGD do not apply directly. In the non-i.i.d.
setting, the accuracy of mini-batch gradient estimates is no longer con-
trolled by the variance of the estimator (as in the classical i.i.d. case), but
rather by the discrepancy (a measure of uniformity of the point set over
the domain) and the dependence properties of the sampling scheme [84].

2. Spatially correlated and heterogeneous sampling: The PDE residual is
spatially correlated and typically highly nonuniform across the domain.
Mini-batches that contain points in steep-gradient regions generate dis-
proportionately large updates, while batches drawn from smoother regions
produce much smaller ones. This heterogeneity leads to inconsistent op-
timization steps and can induce oscillations or even divergence.

3. Highly unbalanced variance: For a squared-residual objective, the mini-
batch gradient estimator can be written as

1
91,,(0) = T > Vera(z)ro(z;),  ¢a() = Vorg(z)ro(z). (45)
k zj €Ty
Under i.i.d. Monte Carlo sampling, the variance scales as
1
Varlgz, (0)] = T Varlgo(z)],  Elll¢o(2)]*] = E[re(x)* [|Vore(a)|] .

In PDE-constrained losses, Vyry involves derivatives of order p of the
network’s output hy and may therefore grow rapidly with the frequency
content of the solution, recall Section [3.5] As a result, higher-order PDEs
or solutions with sharp layers can produce large batch-to-batch fluctua-
tions, destabilizing early training and slowing convergence.

4. Interaction with NTK conditioning: Even if the stochastic gradient vari-
ance is moderate, the mini-batch update is still filtered through the NTK.
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From , we know that each update is projected onto the eigenbasis of
the NTK. Directions corresponding to small NTK eigenvalues are thus
effectively frozen:

(I — a®k) q; = (1 — a)\z) q; = q; for )\i < 1,

so that SGD makes little progress in these components. However, stochas-
tic gradient noise still projects onto these poorly conditioned subspaces,
where curvature is nearly zero, leading to noise accumulation and spu-
rious oscillations. Since the gradient noise €, = gz, — VR,, is isotropic
on average, it projects equally onto all eigendirections of the NTK. In
well-conditioned directions, the signal dominates the noise. In poorly con-
ditioned directions, where the signal is nearly zero, the noise dominates
and causes spurious oscillations. As a consequence, optimization may ap-
pear to stagnate despite rapid progress in better-conditioned directions.

To avoid these difficulties, practitioners often use the entire set of collocation
points during training, so PINNs are typically trained in a deterministic or very
large-batch regime. Nevertheless, several works report that mini-batch training
can improve generalization in PINNs [120].

9.2.1 Practical mini-batching strategies

We now discuss several practical mini-batching strategies for PINNs. To this
aim, let us recall Theorem [4 Adapted to the mini-batch setting, i.e., taking
into account that Var[gz, (0)] = 02(0)/|Z|, it states that for a smooth noncon-
vex objective R and SGD with bounded-variance (Assumption 3) and unbiased
gradient estimates, we have

2(@(90)—&5*) + Lf0'2
VE VE ||

1 K—-1 R
% 2 ElIVRO?] < (46)
k=0

with L¢ the Lipschitz constant of the gradient of R and R* = inf R. The first
term in is the initialization gap, while the second is the mini-batch variance
contribution that scales as 1/|Z]|.

Utilizing standard i.i.d. mini-batching while training PINNs can break
both assumptions of this theorem. First, even with uniformly randomly
sampled collocation points, the stochastic gradient is generally biased (i.e.,
Elgz, ()] # VR(6))) if the proportions of sampled points from {Q,T'p, Ty} do
not match the corresponding loss weights in R= vgﬁg +rp ﬁpD + 7y EFN.
Second, the PDE residual 7y involves up-to-p-th order derivatives of hg, so the
term Vgrg(xz)rg(x) grows rapidly with the frequency content of the solution
(see also ) and inflates 02 in ways the bounded-variance assumption cannot
capture.

We now discuss some practical mini-batch construction strategies, which can
be viewed as tools for i) ensuring that the unbiasness assumption of Theorem
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is satisfied; ii) tightening the initialization gap and iii) tightening the variance
bound. Throughout this discussion, the mini-batch Zj is constructed from a
given collocation pool D = Do U Dr, U Dr,.

o Unbiased gradients estimators: The simplest way to obtain unbiased gra-
dient estimates is to sample the mini-batches according to the loss weights
defining R. Thus, given R = >osTs Rs, S € {Q,Tp,I'n}, we shall sam-
ple mini-batches using fixed proportions from {Q,I'p, 'y} matching the
weights {vs}. Taking expectations over uniform sampling within each sub-
set yields Elgz, (0)] = > g 7s V(;ES(O) = Vgﬁ(@), so the stochastic gradi-
ent estimator is unbiased.

For example, for an equally weighted PINN loss over {Q,T'p,I'n}, the
mini-batch should contain one third of its samples from each subset.

e [nitialization-gap reduction: A complementary strategy to improve con-

vergence is to target the initialization gap R(6y) — R* directly, by decom-
posing the problem into a sequence of progressively more difficult sub-
problems. This is analogous to continuation and homotopy methods in
classical numerical analysis [2], as well as curriculum learning in classi-
cal ML [10]. In practice, this approach can be realized, for example, by
gradually increasing the complexity of the forcing terms or boundary con-
ditions [60].
For time-dependent PDEs, the most natural realization is to respect the
causal structure of the PDE, as described below. The main idea is to fit
earlier times before progressively introducing later ones [119, 89l [75]. To
this end, we restrict the temporal support of the interior/residual compo-
nent of the mini-batch to {(x,t) € Z{ | t < T (k)} where t is current
time and T, (k) increases during training. Thus, instead of solving the
full problem from a random initialization, we construct a sequence of pro-
gressively more difficult subproblems, each initialized from the solution of
the previous one. As a result, each stage starts from a significantly better
parameter estimate, leading to a much smaller effective initialization gap
than the naive quantity R(0524°™) — R*, where 05*"°™ is a random initial
guess.

o Variance reduction: Reducing the variance of the stochastic gradient es-
timates gz, can substantially improve the performance of the underly-
ing optimization algorithms. The most straightforward approach is to
increase the mini-batch size |Z;| as much as computationally feasible,
cf. Numerical Example [fZ4 More sophisticated strategies would include
constructing mini-batches via random reshuffling methods [79], sampling
with low-discrepancy sequences [84], or employing importance sampling
techniques [83]. We also note that classical variance-reduction approaches,
such as control-variate estimators widely used in Monte Carlo methods
and reinforcement learning, have so far received little attention in the
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PINN literature. Similarly, stochastic variance-reduction methods includ-
ing SVRG [B0] and SAGA [23] remain largely unexplored in PINN con-
text. Their effective integration into PINN training may therefore provide
promising directions for future research.

Among various variance reduction strategies, stratified sampling offers a
particularly natural fit for PINNs, since the spatial structure of the do-
main can be exploited directly to reduce gradient variance. The idea is
to partition the domain into a fixed grid of C cells {Q.}¢_,, with weights
we = |Qe|/V, where V is the volume of the full domain, and to enforce
that each mini-batch draws a fixed quota of samples from every cell. This
removes the between-cell variance that arises from random fluctuations in
spatial coverage under i.i.d. sampling.

More precisely, let ¢(z) = Vorg(z)rg(z) € RP denote the per-sample
gradient contribution, and let 02 = tr(Cov(¢)) denote its total variance.
Denoting by p. = E[¢ | # € Q.] and 2 = tr(Cov(¢ | x € Q.)) the mean
and total variance of ¢ over cell €., and by pt = Y we . the global mean,
the total variance decomposes as

C C

:chag"'zwcuﬂc_ﬂnz- (47)
c=1 c=1
within-cell between-cell

An i.i.d. mini-batch of size |Zy| yields variance 02/|Zy|, retaining both
terms. A stratified estimator, by enforcing a fixed quota of samples from
each cell, eliminates the between-cell term Y, w.||.—p||* by construction,
yielding

Var( gzk |I ‘ch p

which is always smaller than or equal to 02 /|Z|, with equality only when
all cell means p, are identical.

In PINNS, this can be particularly beneficial since ¢(x) is typically highly
heterogeneous in space (e.g., near boundary layers or underfitted regions).
As a result, the between-cell variance is often large, and stratification can
significantly reduce gradient variance at no additional computational cost
per iteration.

Code snippet [I9] provides an example of implementing the aforementioned mini-
batching strategies in Python.

# Using equal loss-component fractions yield an unbiased gradient estimator
# for the equally-weighted loss R = R_Umega + R_IC + R_BC
STRAT_FRAC = (1/3, 1/3, 1/3)

# Causal schedule: linearly grow the admissible time horizon from T_MIN
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6 # at k=0 to t=1 once k >= T_WARM * K (fraction of total training)

7 T_MIN, T_WARM = 0.05, 0.3

¢ def t_cur(k, K):

9 # Current time horizon for causal time-marching at iteration k
10 return T_MIN + (1.0 - T_MIN) * min(1.0, k / max(1, T_WARM * K))

> def _split(B, frac):

3 # Split batch budget B into (pde, ic, bc) counts

14 # BC absorbs rounding so that bs_pde + bs_ic + bs_bc = B exactly
5 bs_pde = round(B * frac[0])

bs_ic = round(B * frac[1])
bs_bc = B - bs_pde - bs_ic

return bs_pde, bs_ic, bs_bc

0 def stratified_batch(xt_pde, xt_ic, xt_bc, B, *xkwargs):

21 # Loss-stratified sampling: fized (1/3, 1/3, 1/3) split across interior
part of the domain, ICs and BCs

2 bs_pde, bs_ic, bs_bc = _split(B, STRAT_FRAC)

return (xt_pde[torch.randperm(len(xt_pde)) [:bs_pdell,

24 xt_ic [torch.randperm(len(xt_ic)) [:bs_ic 1],

5 xt_bc [torch.randperm(len(xt_bc)) [:bs_bc 11)

25 def sample_spatial(xt_pool, K):

29 # Spatial-stratified sampling: partition the domain into a K.z = K_t

30 # grid with K = K.z © K.t cells and draw one point per cell

31 # Choose grid dimensions to match the 2:1 aspect ratio of
Omega=[-1,1]z[0,1]

32 K_t = max(1, int(round((K / 2) ** 0.5)))

33 K_x = max(1, int(round(K / K_t)))

34 K = K_x * K_t

5 x, t = xt_pooll[:, 0], xt_pool[:, 1]

36 # Assign each pool point to a cell indez in {0, ..., K-1}
37 ix = torch.clamp(((x + 1) / 2 * K_x).long(), 0, K_x - 1)
38 it = torch.clamp((t * K_t).long(), 0, K_t - 1)

39 cells = ix * K_t + it

10 # For each occupied cell, pick one point uniformly at random
chosen = []

12 for ¢ in range(K):

13 ci = (cells == c).nonzero(as_tuple=True) [0]

14 if len(ci) > 0O:

5 chosen.append(ci[torch.randint(len(ci), (1,))].item())

return torch.tensor(chosen, dtype=torch.long)

10 def loss_and_spatial_batch(xt_pde, xt_ic, xt_bc, B, **xkwargs):

50 # Loss and spatial-stratified sampling: loss split + spatial-cell
stratification within the interior batch

51 bs_pde, bs_ic, bs_bc = _split(B, STRAT_FRAC)

52 idx_pde = sample_spatial(xt_pde, bs_pde)

53 return (xt_pde[idx_pdel],

54 xt_ic[torch.randperm(len(xt_ic)) [:bs_ic]l],

xt_bc[torch.randperm(len(xt_bc)) [:bs_bcl])

57 def loss_and_causal_batch(xt_pde, xt_ic, xt_bc, B, k, K):

58 # Loss-stratified sampling and causal time-marching: restrict interior
and BC samples to t <= T_cur(k)
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# Progressively expanding the time horizon
bs_pde, bs_ic, bs_bc = _split(B, STRAT_FRAC)
Tk = t_cur(k, K)
# Find interior and BC points satisfying the causal constraint t <= Tk
mask_pde = (xt_pdel[:, 1] <= Tk).nonzero(as_tuple=True) [0]
mask_bc = (xt_bc [:, 1] <= Tk).nonzero(as_tuple=True) [0]
# If fewer eligible points are avatlable than needed, sample with
replacement

if len(mask_pde) >= bs_pde:

idx_pde = mask_pde[torch.randperm(len(mask_pde)) [:bs_pdel]
else:

idx_pde = mask_pde[torch.randint(len(mask_pde), (bs_pde,))]
if len(mask_bc) >= bs_bc:

idx_bc = mask_bc[torch.randperm(len(mask_bc)) [:bs_bc]l]
else:

idx_bc = mask_bc[torch.randint(len(mask_bc), (bs_bc,))]
idx_ic = torch.randperm(len(xt_ic)) [:bs_ic]
return xt_pdel[idx_pde], xt_ic[idx_ic], xt_bc[idx_bc]

Code snippet 19: Implementation of mini-batch construction strategies: loss-
stratified, spatial-stratified, and causal time-marching.

Numerical Example #11: Impact of mini-batch construction strate-
gies on PINNSs training. In this example, we consider an advection-diffusion
PDE, given as

Ut + CUy — U Ugy = g(mat)v (.ﬁ,t) € (_17 1) X (07 1)’

with ¢ = 1, © = 1072, so the problem is strongly advection-dominated. A
manufactured exact solution is u*(z,t) = exp(—50(z + 0.5 — ct)?) that advects
from z = —0.5 to x = +0.5 across the time horizon. The source g and the non-
homogeneous IC and BC are chosen such that u* exactly satisfies the PDE. The
PINN model is an MLP with four hidden layers of width 32, trained by Adam
with a fixed learning rate o = 10~3 for 15,000 iterations. The collocation pool
D = Dq U Dr, UDr, contains mq = 4,096 i.i.d. uniform interior points and
mic = mpc = 80 equispaced initial condition and boundary points. On each
iteration, Adam utilizes a mini-batch Z;, C D constructed either uniformly or
by loss-component stratification. In addition, we consider variants that incorpo-
rate causal time-marching (loss stratification plus interior ¢t < T¢.(k) growing
linearly from ¢t = 0.05 to t = 1 over the first 30% of training) and spatial
stratification.

Figurereports the relative L2 test error and the training loss trajectories
for all considered mini-batching strategies. As we can see, employing more
advanced mini-batching strategies can improve the L? test error, compared to
using the standard uniform approach.

Figure [0.4] demonstrates the performance of all considered mini-batching
strategies for varying batch sizes. As shown, increasing the batch size signifi-
cantly improves the accuracy of the trained PINN. We can also see that for very
small batches (|Zx| € {4,8,16}), the uniform approach diverges, whereas more
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Figure 9.3: Training of PINN using Adam with |Z;| = 16 for an advection-
dominated PDE. The experiment is performed across four mini-batching strate-
gies: uniform, loss-component stratified (Strat-loss), causal, and spatial strati-
fication (Strat-spatial). Left: Relative L? test error. Right: Training loss.

advanced strategies enable Adam to converge. For small-to-medium batches
(|Zx] € {16,32,64,128}), the performance of the uniform mini-batching strat-
egy becomes more competitive. In the large-batch regime (|Zy| € {256,512}),
the uniform approach recovers and achieves comparable accuracy as the ad-
vanced mini-batch construction approaches. Overall, these results indicate that
advanced mini-batching techniques are particularly important under tight com-
putational and memory budgets, i.e., |Zx| < 64. Here, we note that the larger
gains in accuracy are expected for stiffer evolution PDEs, such as those consid-

ered in [119, 20].

[Tk | 4 16 64 128 256
Uni. - —— — —@— Uniform - W= Strat-spatial
Strat. ---- -~°7°°  T-TT 7T oo —oos —4—Causal - --Strat-loss

# iterations -10% |Zk|

Figure 9.4: Relative test L?-error of PINN for advection-diffusion example with
respect to varying batch sizes |Zy|. Left: Error observed during Adam’s train-
ing with uniform and stratified-spatial mini-batching. Right: Final test error
obtained using Adam with varying mini-batching strategies.
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Key Takeaways

The choice of sampling and mini-batching strategies significantly influ-
ences the effectiveness of PINN training. For collocation points, adap-
tive resampling enriches the collocation set in poorly resolved regions, in
turn reducing the condition number of the empirical NTK and improving
convergence of the underlying optimizer. For mini-batches, loss-stratified
sampling can be used to construct unbiased gradient estimates by enforc-
ing fixed proportions of samples from each loss component {Q,T'p, '},
while spatial stratification can reduce gradient variance by ensuring uni-
form spatial coverage. In addition, causality-aware training can reduce
the effective initialization gap by decomposing the problem into a se-
quence of progressively more difficult subproblems. Altogether, this leads
to faster and more reliable convergence of stochastic optimizers applied
to PINNSs.

J

10 Towards scalable training for SciML: Recent
advances and open challenges

In the preceding sections, we reviewed foundational optimization methods (SGD
and its accelerated, adaptive, and second-order variants) together with SciML-
specific design choices in loss formulation, model architecture, and sampling
strategy. In this final section, we survey recent trends and open challenges in
optimization for large-scale SciML training, organized according to whether the
preconditioning strategy acts in parameter, data, or function space (cf. Sec-
tion . Our review focuses on how classical scientific computing and ML
techniques transfer to SciML, identifies their current limitations, and highlights
open research directions that remain to be explored. Given the breadth and
rapid evolution of the field, we provide a structured overview of selected re-
search directions rather than a comprehensive survey.

10.1 Data-space preconditioning

Data-space preconditioning encompasses all strategies that improve optimiza-
tion by transforming the inputs, reweighting the loss, or reshaping the sampling
distribution, without modifying the network architecture or the optimizer itself.
Classical data-space preconditioning techniques in classical ML that are also
widely used by SciML practitioners include feature scaling and standardisa-
tion [129], data augmentation [71], and equation non-dimensionalisation [IT8§].
However, in SciML settings, these ubiquitous techniques often lack a rigorous
theoretical foundation. For instance, in contrast to standard ML, normaliza-
tion may interact in subtle ways with the PDE structure, or the constraint
enforcement, potentially leading to undesirable optimization dynamics [51].
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Other input transformations specifically designed for SciML have been mo-
tivated by taking into account physical considerations. In particular, input rep-
resentations that enrich the coordinate system by introducing high-frequency
components have been successfully proposed to mitigate the spectral bias of
DNNs. Prominent examples include Fourier feature mappings [I11] (see Sec-
tion [8.I), positional encodings [92], or graph embeddings [72]. While these
techniques substantially accelerate the learning of oscillatory or multiscale so-
lutions, the choice of frequencies, bandwidths, or embedding structures remains
largely problem-dependent and empirical, leaving systematic selection criteria
as an open research direction [93] [120].

In the context of PINNs, sampling strategies also play a central role in de-
termining how residual and BC’s collocation points influence the conditioning
of the underlying optimization problem (see Section @ Consequently, many
advanced sampling strategies can be interpreted as data-space preconditioners.
Popular examples include variance-reduced and importance sampling strate-
gies [83] 20], adaptive and residual-based sampling [125], or failure-informed
or active sampling approaches [31]. Similarly, adaptive weighting strategies for
balancing loss terms play a key role in stable and efficient PINN training (see
Section @ Existing methods dynamically adjust weights based on gradient
magnitudes, NTK spectra, or residual statistics to alleviate stiffness and im-
balance during optimization (e.g., [(7, 110, [6l 121I]). Despite their practical
effectiveness, both sampling and weighting strategies remain largely heuristic,
and developing principled, theoretically grounded alternatives constitutes an
open research direction.

10.2 Parameter-space preconditioning

Parameter-space preconditioners improve optimization by modifying how pa-
rameter updates are computed, for example, by incorporating curvature infor-
mation to transform the gradient direction, or by restricting updates to lower-
dimensional, better-conditioned subspaces of the full parameter space.

Established optimization techniques such as AdaGrad [28], RMSProp [112],
and Adam [54] are computationally efficient and robust in many large-scale ML
applications, yet their behavior in SciML settings remains poorly understood.
In particular, recent studies have reported gradient pathologies and unexpected
optimizer dynamics in stiff PDE-constrained problems, suggesting nontrivial in-
teractions between adaptive scaling and PDE-induced spectral properties [102].

A complementary class of methods attempts to approximate the inverse
Hessian or Fisher information matrix. Algorithms such as natural gradient
descent [3], K-FAC [74], Shampoo [38], SOAP [117], or MUON [66] maintain
structured curvature approximations, often exploiting Kronecker or layerwise
factorizations to remain tractable. However, due to their awareness of curvature,
these approaches remain prohibitive in large-scale settings owing to substantial
memory and computational overhead [128].

Specific to SciML are preconditioners that exploit its connections to nu-
merical linear algebra and scientific computing. Several recent approaches
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adapt large-scale preconditioning techniques from PDE solvers to DNN train-
ing, with a particular emphasis on domain-decomposition and multilevel meth-
ods. These methods provide implicit preconditioning by restricting updates to
lower-dimensional, better-conditioned parameter subspaces, which is especially
appealing in SciML, where parameter groups often align with physical modes
or operator components.

In domain-decomposition approaches [56], the parameter space is often par-
titioned into blocks (e.g., layers, or channels), and optimization proceeds via
additive or multiplicative Schwarz-type iterations; see, e.g., [68], 63], 37, [4, [T06].
Closely related multilevel approaches equip the parameter space with a hier-
archy of coarse-to-fine DNN representations, analogous to mesh hierarchies in
multigrid methods [I13]. Networks with fewer parameters, obtained for exam-
ple by reducing network width, or depth, provide inexpensive approximations
of curvature and enable the construction of coarse search directions that can
accelerate convergence [30, [59] 14} [T, [OT], 13].

Despite the promising empirical performance of several domain-
decomposition and multilevel methods, the design of effective coarse spaces,
inter-level transfer operators, and principled parameter decompositions with
convergence guarantees in stochastic regimes remains an important open prob-
lem, with recent progress including multilevel AdaGrad [35] B4] and multilevel
adaptive regularization techniques [73].

10.3 Function-space preconditioning

As introduced in Section function-space preconditioners modify the geom-
etry of the optimization problem directly in the space of functions represented
by the DNN, for example, by changing the inner product or norm in which the
loss is measured.

One example of function-space preconditioning is Sobolev training [19],
which augments the loss with derivative information, thereby modifying the
inner product in function space. In the SciML context, variants of this idea
have been developed to guide PINNs toward solutions that minimize errors in
Sobolev norms, often improving convergence rates and robustness relative to
standard Lo losses [I09]. Nevertheless, the choice of derivative orders, relative
weightings, and their interaction with PDE stiffness and BC conditions remains
largely experimental, and a systematic theory linking Sobolev loss design to op-
erator spectra and optimization conditioning remains an active area of research.

Beyond loss modification, function-space preconditioning can also be
achieved by restructuring the functional basis itself, drawing again inspiration
from domain-decomposition and multilevel methods in classical numerical anal-
ysis. Here, we note that some of the techniques discussed below admit a dual
interpretation as they act simultaneously in function space and parameter space,
and are discussed here primarily from the function-space viewpoint. In partic-
ular, in the context of PINNs, several domain-decomposition variants explicitly
partition the physical domain and assign separate DNNs to each subregion, as
in XPINNs [48|, cPINNs [49], FBPINNS [82], or APINNs [45]. From a function-
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space perspective, this implicitly constructs a basis of locally supported func-
tions, yielding a block-structured representation that improves conditioning and
stabilizes the optimization process. From a parameter-space perspective, the do-
main partitioning induces a block-diagonal structure on the parameter space,
analogous to a Schwarz-type preconditioners. It is worth noting that these meth-
ods also enable parallelization and facilitate the representation of localized or
multiscale features, often making PDE problems that are otherwise inaccessible
to monolithic PINNs tractable.

Similarly, multiscale architectures such as those discussed in Section [8:2]
can be interpreted as function-space preconditioners since by combining sub-
networks operating at different frequency scales, they partition the functional
basis across frequency bands, reducing spectral bias and improving NTK condi-
tioning. More broadly, several recent multilevel strategies construct hierarchies
of function spaces to train SciML models more efficiently. By first learning a
coarse approximation and then refining the function space, these approaches
also reduce spectral bias and accelerate convergence. Representative exam-
ples include multilevel training for data-driven models [70] and multifidelity
PINNs [98, 78], block-structured coarse-to-fine training [36], and multilevel
domain-decomposition methods [27], while related multiresolution and wavelet-
or Fourier-based architectures [42] achieve similar effects by separating low- and
high-frequency components.

Despite the empirical success of these approaches, systematic design princi-
ples for subdomain partitioning, interface conditions, coarse space selection, and
convergence guarantees in stochastic training regimes remain important open
problems.

11 Conclusion and outlook

In this chapter, we reviewed optimization techniques for training SciML models,
emphasizing that efficient training requires not only a suitable optimizer, but
also problem-aware design choices in the loss formulation, model architecture,
and sampling strategy. These two aspects were addressed in complementary
parts of the chapter. Foundational optimization tools were covered in Sec-
tions while problem-aware design choices were discussed in Sections [7H9]

The preconditioning viewpoint introduced in Section provides a unify-
ing framework for organizing the existing algorithms and connecting them to
ideas from classical scientific computing. The large-scale approaches reviewed
in Section [L0] illustrate how modern SciML training increasingly draws on prin-
ciples from numerical PDE solvers while retaining the flexibility of DNNs. To-
gether, data-space, parameter-space, and function-space preconditioning strate-
gies tackle complementary challenges of the underlying optimization problem,
including spectral bias, ill-conditioning, and the multiscale nature of PDE solu-
tions, offering a unified perspective for improving the efficiency and reliability
of large-scale SciML training.

Nevertheless, many open questions remain, particularly in nonconvex and
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stochastic settings, and the relationships between these three preconditioning
viewpoints are still only partially understood. As a result, the design of effi-
cient optimization techniques remains an active area of research, with continued
progress needed to develop scalable and reliable methods for increasingly com-
plex SciML applications.
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